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Selling bonus actions in video games
BLINDED FOR REVIEW

In the mobile video games industry, a common in-app purchase is for additional “moves” or “time” in
single-player puzzle games. We call these in-app purchases bonus actions. In some games, bonus actions can
only be purchased in advance of attempting a level of the game (pure advance sales (PAS)), yet in other
games, bonus actions can only be purchased in a “spot” market that appears when an initial attempt to pass
the level fails (pure spot sales (PSS)). Some games offer both advance and spot purchases (hybrid advance
sales (HAS)). This paper studies these selling strategies for bonus actions in video games. Such a question
is novel to in-app tools selling in video games that cannot be answered by previous advance selling studies
focusing on end goods.

We model the selling of bonus actions as a stochastic extensive form game. We show how the distribution
of skill among players (i.e., their inherent ability to pass the level), and the inherent randomness of the game,
influence selling strategies. For casual games, where low-skill players have a sufficiently high probability of
success in each attempt, if the proportion of high-skill players is either sufficiently large or sufficiently small,
firms should adopt PAS and shut down the “spot” market. Furthermore, the player welfare maximizing
selling strategy is to sell only in the spot market. Hence, no “win-win” strategy exists for casual games.
However, PAS can be a win-win for hardcore games, where low-skill players have a sufficiently low success

probability for each attempt.

Key words: advanced selling, pricing, video games
History: This article was first submitted in April 2021, returned for revisions in August 2021, and
resubmitted in August 2022.

1. Introduction

Video games are both the largest and fastest-growing segment of the entertainment industry.!
Mobile games are the largest segment within video games,? also representing around 3/4 of total app
store revenue on mobile devices in 2018.% In 2017, roughly 43 percent of mobile game revenue came
from in-app purchases of virtual items and premium content that enhance the in-game experience.*
Our main interest is level-based single-player puzzle games where in-app purchases of bonus actions
(for instance, additional moves in a move-limited puzzle game or additional time in a time-based
game) are sold to help players finish challenging levels. The qualification single-player game means

that players are not interacting directly with each other as play in the game proceeds. Examples

! https://www.reuters.com/sponsored/article/popularity-of-gaming
Zhttps://www.newzoo.com/globalgamesreport
3 https://www.businessofapps.com/data/app-revenues/

4https://www.statista.com/statistics/273120/share-of-worldwide-mobile-app-revenues-by-channel/


https://www.reuters.com/sponsored/article/popularity-of-gaming
https://www.newzoo.com/globalgamesreport
https://www.businessofapps.com/data/app-revenues/
https://www.statista.com/statistics/273120/share-of-worldwide-mobile-app-revenues-by-channel/
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2 : Selling Bonus Actions

include games that are popular in North America like Candy Crush Saga, Cut the Rope, and
Wordscapes, as well as games in China like Happy XiaoXiao Le. In 2019, more than half of all
smartphone users played some type of single-player puzzle game.®

Progression in puzzle games can involve a variety of skills—logic, knowledge of language and
trivia, hand-eye coordination, quick reaction times, and spatial reasoning—as well as luck. Players
are motivated to progress through the puzzles out of a sense of personal accomplishment, competing
with other players (for example, advancing through puzzles faster than your friends), or unlocking
rewards and additional content.

To provide a specific example, consider a move-limited single-player puzzle game, such as the
popular Candy Crush Saga. Suppose a player has run out of her initial allotment of (say) 30 moves
in attempting a given level.® When her last action is expended, the game presents her with an
option to purchase five extra moves for $0.99 that she can use to (hopefully) pass the level. Game
mechanics stipulate that the five extra moves can only be used in completing the current puzzle
and do not carry over if the current puzzle is completed using less than five moves. In other words,
each extra move can be used at most once and only in the current puzzle. This “Five Extra Moves”
in-app purchase is among the most popular and revenue-generating of Candy Crush Saga’s various
in-app purchase options.”

Players of mobile games typically do not pay for each attempt at passing the puzzle. Returning
to the example of Candy Crush, the current puzzle could be solved without the need for the five
extra moves on a later attempt, costing only time and possibly frustration on the part of the player.
Moreover, bonus actions can sometimes be purchased before the player attempts the puzzle. For
example, the mobile puzzle game Happy XiaoXiao Le published by Tencent offers extra moves
before an attempt (at an equivalent of $0.10 USD per extra move) and after the player has used all

of her available free moves (at an equivalent of $0.30 USD per extra move).® By contrast, Candy

®https://gamingshift.com/most-popular-mobile-game-genres/

6 We use the female pronouns “she/her/hers” when referring to players because the majority of mobile puzzle game
players are female, see, e.g., https://quanticfoundry.com/2017/01/19/female-gamers-by-genre/.

" This can be seen at Candy Crush Saga’s page in the Apple App Store, which ranks in-app purchases by how much rev-
enue they generate. See https://apps.apple.com/us/app/candy-crush-saga/id553834731 for the US store. When
accessed on 25 July 2022, “Extra Moves” was the top-selling in-app purchase.

& These numbers are based on accessing the game in September 2019 and converting prices from Happy XiaoXiao
Le’s in-game currency to Chinese yuan to US dollars using available exchange rates at that time. These values are,
therefore, approximate and vary with time. In particular, the exact value is complicated by several factors, including
a varying exchange rate between in-game currency and Chinese yuan due to promotions to purchase in-game currency
at a reduced rate, and the possibility of earning in-game currency through playing the game rather than using real
currency. There is also the possibility that bonus actions are sold in the spot market at a discount from the “regular”
price. Also, prices are complicated by the fact that moves are sold in bundles. The pre-attempt moves are sold in a
batch of three while the post-failure moves are sold in a batch of five. In our analysis, we ignore this level of granularity
in the pricing decision. Opening up this can of worms would be an interesting direction for future research.


https://gamingshift.com/most-popular-mobile-game-genres/
https://quanticfoundry.com/2017/01/19/female-gamers-by-genre/
https://apps.apple.com/us/app/candy-crush-saga/id553834731

: Selling Bonus Actions 3

Crush currently does not offer the purchase of “extra moves” until after the player used all of the
available “free moves”.’

Consider again the Happy XiaoXiao Le example that offers both “early” and “late” purchases
of extra moves in a level that offers 30 moves for free. When considering whether to buy these
extra moves in advance, the player weighs buying an extra move at $0.10 USD, which could
potentially be wasted if she finishes the puzzle in, say, 28 moves, versus the risk of having to spend
an additional $0.30 USD per move later if all 30 free moves are expended before passing the level.
This “weighing” depends on a combination of the player’s skill, utility for passing the level, and
the inherent randomness of the level itself.

In other games, certain bonus actions are only sold in advance of attempting a level. One example
is the “freeze” bonus action in Scramble with Friends (a mobile game adaptation of the classical

board game Boggle) that “freezes” time for 20 seconds at the end of a two-minute attempt. This

frozen time cannot be purchased at the end of the original two-minute allotment.

This variety of strategies observed in practice raises interesting questions. In this paper, we take
the perspective of the firm that is monetizing the players’ efforts to pass levels through the sale of
bonus actions. We ask the following:

(Q1) When to sell bonus actions? Two timings are considered: before attempting the game
(advance selling) and after attempting the game (spot selling).

(Q2) When to shut down the spot market and only sell bonus actions in advance?

Answers to these questions should depend on the players’ characteristics and the nature of the
levels themselves. Passing a level is a combination of both skill and luck, and so it is natural to

examine how the answer to (Q1) and (Q2) depends on the following two factors:

(F1) the distribution of skill among players, and

(F2) the inherent randomness (or ‘entropy’) of the level
Regarding (F'1), some players have fast reflexes and quick thinking, while others are more method-
ical or act less instinctively. Our model abstractly considers only two types of players: high-skill
players and low-skill players. The bucket of high-skill players play the game regularly and commit
themselves to learning the necessary skills for success. A typical high-skill player is a teenage girl
competing with her friends to progress quickly through a game. She gives the game concentrated
attention, and she uses what could be considerable skills to tackle the puzzles. By contrast, a
low-skill player is not so committed to excelling in the game but uses the game to pass the time or
ease her mind. An example low-gkill player is a mother playing a puzzle game while waiting in line

at her child’s doctor appointment. She is not bringing her entire mind to the game, her attention

9 We discuss this strategic design choice in more detail in Section 8.
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4 : Selling Bonus Actions

is split with other activities. Operationally, we model factor (F1) as the ratio of high-skill and
low-skill players and the skill difference between high-skill and low-skill players.

Factor (F2) concerns the nature of the level itself. A level may have more or less “randomness”
built into its design through the use of random number generators or procedurally generated con-
tent. For instance, puzzle games can involve mechanics like cards or dice being randomly drawn
or having certain items or play pieces randomly “drop” into play or unpredictably “react” upon
manipulation. A low-skill player with a lucky “draw” can sometimes finish a puzzle, whereas even
the most skilled of players, if unlucky, can fail. Operationally, we model factor (F2) by parameters
that affect the success probabilities for attempts of both high-skill and low-skill players. We for-
malize a stochastic extensive form game model to study question (Q1) and (Q2) in light of (F1)
and (F2).

Positioning of the paper

Although a vast body of literature studies the timing of selling products and services (e.g. Xie and
Shugan 2001, Bhargava and Chen 2012), the video-game setting that interests us in this paper
does not fit any known settings in the literature. Indeed, the extant literature models the selling of
goods that are “ends in themselves” while the bonus action context is about selling goods (bonus
actions) that are “means to an end”. For short, we refer to goods that are “ends in themselves” as
end goods and goods that are a “means to an end” as tools. Bonus actions are only really useful
as a tool to finish a level; their intrinsic value is small. The value of bonus actions depends on the
state of the level when the player fails an attempt. The major source of customer utility is the
satisfaction of passing the level, not the use of the tool itself. This is a crucial difference.

There are two sources of uncertainty for tools. The first uncertainty is whether the tool is needed.
The second uncertainty is how wvaluable the tool will be at its time of use. This leads to a fun-
damentally different extensive-form game from those studied in the extant literature. First, there
is only one layer of uncertainty realization for end goods. By contrast, there are three layers of
uncertainty for tools. These layers correspond precisely to the scenario of using a tool. First, there
is uncertainty about whether the tool is needed. Second, there is uncertainty about how hard the
job is to complete, even with the tool in hand. Third, there is a chance of success or failure when
using the tool. These three levels of uncertainty are entirely natural in the tool setting.

We want to emphasize another conceptual difference between tools and end goods. In the case
of an end good, the “favorable state” is associated with an auspicious condition to consume the
good. For a tool, the situation is more complex. First, it would be preferable if the player did not
need the tool at all. However, this is not a favorable outcome in terms of the value of the tool. If a

player passes the level without using bonus actions, the bonus actions have proven worthless. From
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: Selling Bonus Actions 5

this perspective, a “favorable state”, with respect to the value of the tool, is when the player fails
the initial attempt of the level. This is a reversal of the notion of “favorable” as discussed in Xie
and Shugan (2001), Bhargava and Chen (2012). Now, given the initial attempt at the level leads
to failure, the “favorable states” are associated with the ending status of a game, which shows
how hard it is to complete, even with the tool in hand. Better ending status is associated with a
higher chance that bonus actions lead to passing the level, yielding a greater return for the player.
This two-fold, and somewhat contradictory, notion of a “favorable state” is another reason that
the vast literature focusing on end goods does not yield appropriate models for the tool setting.

Our investigation fills this gap in the literature.

Summary of key findings

We now summarize our key findings. The firm’s revenue optimal selling strategy depends on the
type of game. In particular, in hardcore games where low-skill players have a sufficiently low success
probability for each attempt, the firm should always commit to a pure advance sales (PAS) strategy
where the spot market is shut down, and bonus actions are only sold in advance of level attempts.
Removing the spot market allows the firm to charge a higher price in the advance sales market to
more players, thus benefiting the firm.' In a hardcore game, the spot market will be crowded by
low-skill players because it is difficult for these players to pass the level. However, these low-skill
players do not value the bonus actions very highly, because they cannot easily pass the level even
with additional help in a hardcore game. Hence, the spot market does not generate much revenue
for the firm in a hardcore game. Furthermore, the existence of the spot market provides players
waiting incentives. Some players will not buy in advance and will wait to see if they get lucky in
their initial attempt, leaving themselves in a position in the puzzle where it is worth buying the
bonus actions in the spot market. It can, therefore, be more profitable to commit to shutting off
the spot market.

On the other hand, in casual games, where low-skill players have a sufficiently high probability
of success in each attempt, we show that the firm should shut down the spot market and adopt
PAS if and only if the proportion of high-skill players is either sufficiently large or sufficiently
small. Otherwise, the firm should adopt a hybrid advance selling (HAS) strategy, where the firm
keeps the spot market open and have positive sales in both advance and spot markets. At a high
level, this result balances two competing forces. On the one hand, there is the power of having two
markets and the ability to price discriminate between high-skill and low-skill players between these
two markets. On the other hand, with PAS, there is the value of the firm committing to shutting

10 Players can observe the timing pattern of bonus actions offered for purchase in a game. So we assume that the
firm’s commitment is credible and verifiable.
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6 : Selling Bonus Actions

down the spot market, which can motivate players to purchase early by removing their incentive
to wait. Intuitively, only when there is a sufficient balance of high-skill players and low-skill players
does the benefit from price discrimination dominate.

When there are a large proportion of low-skill players, a high PAS price that attracts only low-
skill players can be optimal. An illustrative example here is something like a crossword puzzle
game, where skilled players may have little need for bonus actions (and even enjoy the challenge
of answering questions without assistance), while low-skill players might be willing to pay a pre-
mium to pass difficult puzzles in order to signal intelligence to their friends. By contrast, another
strategy is where bonus actions are priced to attract purchases from many of the players. Low-skill
players buy bonus actions to increase their chances while high-skill players buy bonus actions to
insure against “unlucky” or uncharacteristic mistakes. If priced right, both types of players find it
advantageous to purchase early. These examples illustrate the critical importance of factor (F1) in
determining the pricing strategy.

Regarding (F2), we show that casual games with a high degree of entropy are more likely to favor
PAS strategies. Games of chance (games with high entropy) leave players with a lot of uncertainty
as to where they end up after their initial attempt. Since this uncertainty is resolved when the spot
market is reached, it can be difficult for firms to capture value in both the advance and the spot
markets in the HAS strategy through differential pricing. In PAS, the spot market is eliminated, and
so high levels of entropy must be “insured” against ez-ante. This yields the managerial implication
that game companies should exclusively offer advance purchases in games with a sufficiently high
level of randomness, and if they are committed to offering both advance and spot purchases, might
earn additional revenue by reducing the overall randomness in their design.

The second dimension of (F1) is the overall range of the skill levels; that is, the degree to which
high-skill players are more skilled than low-skill players. We show that as the difference in skill
increases, the HAS strategy becomes more attractive for a casual game. A wider range of skills
allows for greater opportunities for price discrimination across two markets. The implications of
this result are instructive. It is commonly observed that the range of skills for a game changes
over time. One possible direction is that skill differences widen over time, as high-skill players find
deeper insights into the game that give them a further advantage over low-skill players. Another
possible direction is that skill differences narrow over time. This is possible when intuition and
raw ability become less important over time as low-skill players gain access to simple, yet effective,
strategies. Optimal pricing strategies for bonus actions in a casual game should monitor the overall
trend in skill difference and move from PAS to HAS (or vice versa) accordingly.

Lastly, we look at how the practice of selling bonus actions impacts social welfare in the mobile

games market. We show that there exists no “win-win” strategy in casual games. That is, there is
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: Selling Bonus Actions 7

no selling strategy that results in the highest profit for the firm and the highest welfare for players
simultaneously. Pure spot selling (PSS) strategies maximize player welfare while they are never
revenue-optimal for the firm. This raises the potential for policy concerns about this selling practice
in the casual games market. Interestingly, selling bonus actions in the spot market is not uncommon
in puzzle games (this is the strategy followed by Candy Crush) suggesting the possibility that
games may follow a strategy a policy of maximizing player welfare with bonus actions to bolster

growth and player retention.

Organization of the paper

The paper is organized as follows. The next section contains a literature review, pointing to related
literature on intertemporal price discrimination in the context of advance selling, insurance, and
warranty design. In this section, we illustrate the novelty of our research questions and results,
since existing work does not seriously tackle the question of shutting down the spot market. We
also describe the nascent but growing literature on video games. Section 3 presents the basics
of our model setup while Sections 4 and 5 describe the decision problems of the players and
firm, respectively. Section 6 and Section 7 study the optimal selling strategies for casual and
hardcore games. Section 8 explores how the optimal strategy changes as level entropy and skill
differences change, and examines how player welfare is affected by the firm’s selling strategy.

Section 9 concludes. Proofs of all technical results can be found in the e-companion.

2. Literature review

To our knowledge, pricing bonus actions is a novel topic of investigation in the information sys-
tems, operations management, and marketing literature. However, there are strong antecedents for
analyzing this type of problem, as we now discuss.

The question of whether to sell products in both advance and spot markets has been studied
at length in a variety of other settings. Largely speaking, they fall into the general category of
intertemporal price discrimination, where a seller takes advantage of changing customer preferences
over time to increase profits. The classical studies in intertemporal price discrimination like (Stokey
1979) and (Landsberger and Meilijson 1985) focus on a setting where the value consumers have
for a product wanes with time. The standard examples here are technology products, where the
novelty and operability of the product become less attractive to consumers over time. The key
question here is how to price to meet such changing preferences and when to discontinue sales of
an aging product. These considerations are not especially salient in the case of bonus actions. A
key reason is that the purchase of bonus actions can be separated in time from the consumption
of the product. In particular, bonus actions have a specific time window for use that cannot be

moved up or delayed. While models for intertemporal price discrimination typically study durable
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goods, bonus actions are highly perishable and context-specific. Bonus actions can only be used at
the moment of failure in a given level, no sooner and no later.

Of course, we are not the first to study the scenario where the purchase and consumption of a
good or service are separated in time. This is a context well studied in a variety of settings including
advance selling of goods (including papers like Dana (1998), Xie and Shugan (2001), Courty (2003),
Ma et al. (2019), Wei and Zhang (2018), Cachon and Feldman (2017), Noparumpa et al. (2015),
Li and Zhang (2013), Nasiry and Popescu (2012), Shugan and Xie (2000, 2004, 2005), Yu et al.
(2015a,b)), insurance markets (including papers like Miller (1972), Loubergé (2013)), warranties
on durable goods (including papers like Glickman and Berger (1976), Durugbo (2020)), etc.!

In advance selling, the prototypical example is a consumer looking into buying a vacation package
some months in advance of the travel date. The consumer’s hesitation for buying early is whether
they will be in a position or mood to travel once the travel date arrives. While the problem of
selling bonus actions shares a related flavor (we sell bonus actions ahead of the potential use), there
are several salient differences. We have already discussed the key difference in the introduction:
we study the advanced selling of tools, whereas existing papers study the advanced selling of end
goods. Further analytical and conceptual comparisons with the two closest papers in the literature
to ours (Xie and Shugan (2001), Bhargava and Chen (2012)) are discussed throughout the paper.
See, for example, Remarks 2 and 3.'?

The fact that we only use bonus actions when we “fail” draws similarities with insurance and
warranty markets, where the value of insurance (purchased in advance) is only realized when
something “bad” happens (in the spot). Moreover, in insurance, the “cost” of the bad outcome
is unlikely to be homogeneous in the likelihood of reaching that bad outcome (as we see in the
advance selling literature). Those who are prone to injury (in the case of medical insurance) are
also likely prone to more expensive injuries. There has been consistent interest in insurance in
the management sciences over the past decades (see, for instance, Kao et al. (2022), Zhang et al.
(2021), Jin et al. (2022) as recent examples and the references therein).

There are important differences between the market for bonus actions and the market for insur-
ance. The most significant difference is probably the fact that in insurance markets, it is not possible

' There are related settings like the selling of options or futures in finance, but these roughly follow the same logic
as the other examples, so we do not examine them further here.

2 One difference that may appear to be salient is the fact that bonus actions are digital goods while most applica-
tions of intertemporal price discrimination deal with physical goods. For physical goods, questions of capacity and
production cost play important roles in the analysis, whereas capacity and cost are not a concern for digital goods.
However, a number of papers in advance selling treat the case of no production costs or capacity constraints, including
(Xie and Shugan 2001) and Cachon and Feldman (2017), as special cases, and some papers likes Bhargava and Chen
(2012) treat the digital goods case directly. Accordingly, the fact that bonus actions are digital goods are not the
main point of departure in our work.
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to shut down the spot market. Indeed, we cannot remove the possibility that an uninsured agent
needs services in the spot market, and so it is not practical to consider shutting it down. Consider,
for instance, a warranty on an engine. Surely, it is not required to buy an extended warranty to
have an engine fixed. Indeed, the role of warranties and insurance are precisely to avoid high prices
in the future for services you may need. Fixing a car or paying for an emergency visit is much less
discretionary than buying bonus actions. It is unethical for trauma hospitals to turn someone away
just because they do not have medical insurance.

It is unnatural, therefore, in the insurance literature to consider scenarios where the firm is
considering shutting down the spot market. Even if a firm wanted to shut down the spot market,
they likely could not. When it comes to essential services that insurance typically covers, these are
typically not monopoly industries. If a car breaks down, there are often multiple alternatives for
where to get it repaired. The commitment to shut down the spot market presumes a tremendous
degree of market power. But the question of shutting down the spot market is indeed salient in the
case of video games. Here, firms create a virtual world where, by definition, they are monopolists.
Bonus actions are not “critical” services. It is credible to commit to shutting down the spot market
for such discretionary goods.

It is our deliberation on the question of shutting down the spot market that separates our setting
from much of the existing literature on intertemporal pricing, insurance, and warranties. In the
case of intertemporal price discrimination literature, the premise is based on continuing sales of a
durable good. In the advance sales market, the typical examples are those of shared markets that
welcome “late comers” in the spot market and are thus not credible to shut down. In the context
of bonus action, firms can exclude players from arriving “late” to purchase. The only people who
can “see” the spot market are people who had the chance to ”see” the advance sales market (if
one was set up). Given this discrepancy, the existing literature does not offer much guidance on
questions of shutting down the spot market. Indeed, the default question there is more towards
asking if it makes sense to open the advance market, given that the spot market is open by default.

Indeed, our results show a high degree of nuance regarding the question of opening or closing
the spot market. The tool setting, as opposed to the end good setting, also lends our analysis
classifications of games into two types (casual and hardcore games), one where we always shut
down the spot market, and the other which depends on the proportion of high and low-skill players
in a nonmonotone way. We find these results not only to be new but nontrivial in their dependence
on the factors (F1) and (F2). We explain these results in some detail in the pages that follow.

Finally, we want to provide a little context on the background of research in video games,
which is a growing area of interest in information systems, operations management, and marketing

literature. One significant research direction concerns advertising in games. Turner et al. (2011)
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study the deployment of advertising embedded in virtual worlds, while Guo et al. (2019b) and
Sheng et al. (2022) study the phenomenon of “rewarded” advertising where players are incentivized
to watch advertising with in-game rewards. These rewards are often in virtual currencies whose
value is controlled by the game designer, itself a subject of study in recent papers (Guo et al.
2019a, Meng et al. 2021).

Other researchers have studied how available data in video games can be used to study player
behavior. Huang et al. (2019), Ascarza et al. (2020) examine how player engagement and retention
are impacted by game mechanics (a topic also touched on in Sheng et al. (2022)). Nevskaya and
Albuquerque (2019) use video game data to empirically explore the impact of different in-game
policies that can limit excessive engagement of players in games, a phenomenon that is concerning
to parents and policy-makers.

Among the growing number of papers studying video games, Chen et al. (2021) and Jiao et al.
(2021) are most closely related to our paper thematically. Chen et al. (2021) study the design and
pricing of “loot boxes”. A loot box contains valuable virtual items and needs to be unlocked using
“keys” that are typically sold for real money or in-game virtual currencies. Our research question
is similar: we explore the pricing of a video game element (bonus actions in a puzzle game setting),
but there are also important differences. Loot boxes serve a mechanic more akin to “collections” in
real life, players want to collect and have access to a given array of “weapons” or “clothing” that
have varying degrees of value and rarity. By contrast, the bonus actions we study are “consumable”
and cannot be meaningfully collected—they are either used for an imminent purpose or lost. This
“perishability” gives rise to a different analytical approach. In particular, while Chen et al. (2021)
considers a dynamic model for pricing loot boxes for arriving customers, our focus is on a static
decision of selling bonus actions to address an imminent potential need. The timing that enters
our model concerns the question of differentially pricing bonus actions when sold ahead of this
immediate need (that is, “in advance”) or at the time it is needed (that is, “on the spot”).

Jiao et al. (2021) study the selling of virtual items that improve a player’s winning chances, like
our bonus actions. They focus on player-versus-player games and investigate ways to induce players
to purchase virtual items. Specifically, they examine whether game designers should disclose the
opponent’s skill level before the game begins (referred to as a “transparent selling” mechanism
to sell virtual items) or conceal this information from players (referred to as an “opaque selling”
mechanism). Instead of player-versus-player games, we study puzzle games where direct player
interactions are not the emphasis. Moreover, Jiao et al. (2021) assume that the virtual items are
sold before the game begins, whereas we let the game designer strategically choose the timing of

selling bonus actions.
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3. Model basics

A game designer (firm) sells bonus actions to players playing a level of a single-player puzzle game.
Firms can sell bonus actions to players before they attempt the level (called the advance sales
market) and after they fail to pass the level (the spot market). The firm must decide on which
market to sell bonus actions (advance and/or spot) and the corresponding selling prices. We assume
bonus actions are used only after a player fails their initial attempt of a level and that there is no
second spot market after a second failed attempt. Therefore, players will purchase bonus actions
at most once, either in the advance sales market or spot market. We assume that the firm and
players are all risk neutral. We also assume the direct cost of providing bonus actions is negligible.

Bonus actions sold in the advance sales market have price p4. Bonus actions sold in the spot
market have price pg. The price ps is announced when players fail in their attempt to pass the

1.13 We assume that the price pg is uniform to all players and thus does not depend on the

leve
ending position of an individual player in the puzzle when his/her attempt fails. In other words, a
higher price (or lower) ps is not charged if a player is “closer” to solving the puzzle. Because players
can attempt levels repeatedly, and learn from other players what prices they were offered, such
price comparisons cause personalized pricing to be viewed as unfair and therefore rare in practice.

If the firm decides not to sell bonus actions in either the advance or spot market, then it must
commit to this choice and make it known to the players before they attempt the level. The firm’s
commitment can easily be verified by the players because players can repeatedly attempt levels in
the game and observe the firm’s choice. The repeated nature of play in puzzle games allows players
to get a good sense of the possible value of pg in the next attempt. This observation also justifies
the use of a rational expectations equilibrium solution concept that we employ below.

If the firm chooses to shut down the spot market and only sell bonus actions in the advance
sales market, we call this a pure advance sales (PAS) strategy. If the firm chooses to shut down the
advance sales market and only sell bonus actions in the spot market, we call this a pure spot sales
(PSS) strategy. If the firm chooses to offer bonus actions in both markets (with prices that induce
positive sales in both markets), we call this a hybrid advance sales (HAS) strategy.

3.1. Player and game characteristics
We assume there are two types of players: high-skill players and low-skill players. High-skill players
have a higher probability of passing the level than low-skill players. Let S8y denote the probability

13 1n our research looking into games offering bonus actions, the spot price is typically not announced before the
start of the level. Indeed, any price announced before the attempt of the level resulting in a fail state is subject to
commitment issues. Of course, players who play for a long time come to expect what the spot price will be (we model
this as a rational expectations framework below). But this building of expectation is different than the firm declaring
a committing to a price a priori. For example, in Happy XiaoXiao Le, we have seen spot prices discounted from the
usual price that players might be accustomed to.
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of a high-skill player passing the level without bonus actions and, similarly, 5, for a low-skill player.
Naturally, 51, < Sg. The difference e = S — 8, > 0 is a measure of skill heterogeneity among the
players. Let Ny be the number of high-skill players attempting the level and Ny denote the number
of low-skill players attempting the level. Throughout, we assume that Ny and Ny, are both strictly
positive. The ratio Nz /Ny plays an important role in our analysis.

If a type ¢ player fails their initial attempt to pass the level, they can use bonus actions to make
a second attempt. With bonus actions (if purchased), the player passes the level with probability
«; in the second attempt and fails (a second time) with probability 1 —«; (i = H, L). One can think
of a; as a random variable that depends on the ending state of the game after a failed attempt,
which can be better or worse than the starting position (the parameter «; is discussed in more
detail below). For i € {L, H}, we assume that «; follows a uniform distribution U|[3; — 0, 5; + 4.
The parameter ¢ reflects the entropy of the game (discussed in more detail below).

We assume § > 0 to avoid a trivial case where bonus actions have no additional value for players
to pass the level. In the case where § =0, o; = 3;. Thus, there is no value in buying the bonus action
beyond starting the level again from the beginning, assuming that the player does not experience
a time disutility for starting the level over again. Considering that «; should be between 0 and 1,
we further assume 0 <y —0< By +d<1and 0< 8, —d < B+ <1. Type i players are ex-ante
homogeneous but ex-interim heterogeneous in the probability «;. That is, before they attempt, all
type 7 players have the same belief on the distribution on «;. After a failed attempt, they realize
different values for ;.

A few words on the interpretation of «;, and why its value may differ from ;. Players start in a
predictable position in the game (that is, the initial condition of the puzzle) while, conditional on
not passing, the probability of passing with bonus actions depends on the ending position in the
puzzle. This is random and depends on the attempt of the player. One may ask, how is it possible
for «;, on occasion, to be less than ;7 In puzzle games, players can certainly end an attempt in
a predicament that is farther from completion than at the initial position. For instance, in Candy
Crush, after the player uses her initial allotment of moves, an additional five moves may yield little
chance of passing the puzzle if the player squandered her earlier moves. The model assumes that
the expected value of «; is 5;, reflecting Martingale-like beliefs about the difficulty for players who
purchase in the spot market. In other words, before playing the puzzle, the player expects the
difficulty of passing the level with bonus actions from a failed initial attempt to be roughly as hard
as passing the level from the beginning with the allotted free actions. The benefit of purchasing
the bonus actions ez-ante is having an “enhanced” attempt at overcoming this difficulty, and not
feeling a psychological loss of almost passing the level and having to restart from scratch in a later

attempt.
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Next, a few words on the parameter §. This relates to the variance associated with using bonus
actions to pass the level. Observe that the ez-ante expected probability of passing the level is
Bi+ (1 — ;)5 since the expected value of «; is ;. Different values for § give rise to changes in the
variance of this anticipated passing probability. A puzzle game with a high § is one where progress
in the puzzle is unpredictable and nonlinear. These games may involve random factors or require
flashes of “insight” or out-of-the-box thinking to complete. The higher is ¢, the more difficult it is
to predict the state of the player’s progress at the end of an attempt. Whereas, when § is small, it
means that the ending position is easier to predict for the player.

Finally, we consider player payoffs associated with various outcomes. The payoff a player receives
for passing a level depends on whether they passed it using bonus actions or not. Let Py denote the
payoff for passing the level on the current attempt without using the bonus action. Let Py be the
payoff of initially failing and using bonus actions to pass the level. We assume that 0 < Py < Py
because it can be more satisfying to pass the level without experiencing failure than needing to
use bonus actions to pass the level.

Recall that the mobile games we consider are typically “free-to-play”, meaning that players can
always attempt to pass the level at a later time. Accordingly, Py and Pp can be seen as payoffs
gained for passing the level now instead of having to wait to pass the level later (with the possibility
of many intermediate failures that waste both time and energy).

We assume that Py and Pp are uniform across both player types. We assume uniformity in
payoffs to accentuate the role of differences in skill as the primary driving force of interest. We
believe that considering a model that has heterogeneity in both payoffs and skills is an interesting
subject, but best kept for future study.

Beyond the payoff of bonus actions for passing the level after a failed attempt, we also model the
intrinsic pleasure a player receives for using bonus actions, irrespective of whether the bonus actions
help the player pass the level or not. For many games, the use of bonus actions triggers satisfying
sounds and images (for example, triumphant music) that make bonus actions intrinsically fun to
use. Let v denote this intrinsic valuation of using a bonus action. We assume that v is nonnegative
and allow for the possibility that v =0.

In summary, the utility of purchasing bonus actions comes from two sources. The first is from
the outcome of using bonus actions to pass the level and earning (with some probability) payoff
Py or Pg. The second is the intrinsic valuation v gained from using the bonus actions. Of course,
there is a disutility for purchasing the bonus action, either p4 or pg, depending on which market

it was purchased.
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3.2. Player utility

For a type i player, we denote U/ as the utility from purchasing bonus actions in the advance sales
market, u? as the utility from purchasing bonus actions in the spot market, and UN* as the utility
from not purchasing bonus actions in the advance sales market. The upper case U represents an
expected utility before realizing «;, while the lower case u represents the realized utility after the
first attempt and given a realized «; value. Clearly, the players’ utility functions depend on the
firm’s selling strategy. To illustrate player utility, we take the HAS strategy as an example. This
is the most complex case where both advance sales market and spot market are open.

When the firm adopts a HAS strategy, players first decide whether or not to purchase bonus
actions in the advance sales market. If not, players attempt to pass the level without bonus actions.
If they fail the attempt, players then decide whether or not to purchase bonus actions in the spot
market. The sequence of events as well as the corresponding probabilities and payoffs are presented
in Figure 1.

The reader will notice in the “no advance purchase” branch of the tree that the choice of pg is
modeled to happen after «; is realized. As discussed earlier in this section, we assume that the
firm chooses ps uniformly across all realizations of ;. The model does use the fact that pg can be
chosen after the firm observes who purchased bonus actions in advance and who passed the level
on their initial attempt. In other words, we do not model the case where pg is chosen at the initial
stage of the game. This is also reflected in Figure 1.

Following the left-hand branch of the extensive-form game in Figure 1, if a type ¢ player purchases

bonus actions in the advance sales market, she expects utility U that is given by

U = B:(Py —pa) + (1= B)E[a; Pp + v — pa]
=6iPnv+ (1 —6;)(BiPg +v) —pa, fori=H,L. (1)

If a type i player purchases bonus actions in the spot market, her utility «° is given by
ui =v+a;Pp—pg, fori=H,L. (2)

As seen in Figure 1, we normalize the utility of a player not purchasing bonus actions in the spot
market to 0. Thus, a type ¢ player will purchase bonus actions in the spot market if and only if
uf > 0.

Next, we develop the expected utility UM of a type i player not purchasing bonus actions in the
advance sales market. Under a HAS strategy, players can choose not to purchase in the advance
sales market, and wait until the spot market to make a purchase decision (if needed). In order to

compute UN4, players need to anticipate the spot market price pg. In our analysis, we use the

?
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& Firm decision node

DA B Player decision node

O Random realization

® Terminal node

advance purchase (A) no advance purchase (NA)

Level attempt begins

fail fail
1-5 ' j 1 =B

Level attempt ends

Q; ~
UlBi — 6, Bi + 9]

bs
Q; ~
U[B; = 6, B + 9] o
spot spot purchase
purchase (S)
(NS)
pass fail

fail

—

pass

@i 1 —a Attempt with bonus

actions ends

player utility: P +v—pa v —pa Pg +v —pg v—p
pa = advance-purchase price
ps = spot purchase price
B; = prob. of passing w/o bonus actions for a skill i player
a; = prob. of passing w/ bonus actions for a skill ¢ player
Py = utility of passing the level without bonus actions
Pp = utility of passing the level with bonus actions
v = utility of using purchased bonus actions

Figure 1 Description of the timeline, decisions, and player payoffs of the hybrid model.

rational expectations (RE) equilibrium of the game, building on Coase (1972) notion that players
will understand that the firm will adopt the spot price that maximizes spot profits. The notion is
well-justified here because players can repeatedly attempt levels in a puzzle game and so get a good
idea of the firm’s optimal choice of pg through experience. The concept of rational expectations
equilibrium has been widely adopted in operations management and marketing literature (see, e.g.,
Li and Zhang (2013), Xie and Shugan (2001), and references therein).

Following the right-hand branch of the extensive-form game in Figure 1, if a type i player decides

not to buy in advance, she will purchase bonus actions in the spot market only when she fails the
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initial attempt and u > 0. Therefore, her utility UN4 for not purchasing bonus actions in advance

can be computed as below:
UNA =B,Py+ (1 - B)E[(; P +v—pg)T], fori=H,L. (3)

We use the notation [A]" :=max{A,0}, [A]” := max{—A,0} and note that A= [A]* —[4] .

Observe that the player must form a belief pg of what the firm will price bonus actions in the
spot market in order to make its initial decision of whether to make an advance purchase or not. A
rational player will expect that the firm will set a spot price to maximize the spot market profit.
In an RE equilibrium, the belief ps matches the firm’s actual choice of pg. In other words, ps = ps.
Our analysis assumes an RE equilibrium throughout and so we will drop the notation pg in favor
of simply writing ps in the player’s decision problems.

Lastly, we remark that if the firm adopts a PSS strategy and commits to selling bonus actions
only in the spot market, then U# and UM4 are meaningless. Player utility u; from purchasing
bonus actions in the spot market is the same as (2). If the firm adopts a PAS strategy and commits
to selling bonus actions only in the advance sales market, then u; becomes meaningless. Players’
utility U from purchasing bonus actions in the advance sales market will be the same as (1)

whereas their utility UN4 from not purchasing bonus actions in the advance sales market will be

UN4 =B, Py. "

4. Player’s decision

Players decide whether or not they purchase bonus actions, and if both advance sales and spot
markets are open, in which market they purchase bonus actions. Suppose the advance sales market
is open. This happens when the firm adopts a PAS strategy or a HAS strategy. A type i player
will purchase bonus actions in the advance sales market if and only if U > UN4 and U/ > 0.
The constraint U > UN4 is an incentive compatibility (IC) constraint. The constraint U/ >0 is
an individual rationality (IR) constraint. Note that UN“ = 8; Py > 0 under a PAS strategy and
UNA = B;Py+ (1—f3;)E[(a;Pg + v —ps)*] > 0 under a HAS strategy. Therefore, the IR constraint
UZA > 0 is implied by the IC constraint.

Suppose the spot market is open. This happens when the firm adopts a PSS strategy or a HAS
strategy. As discussed in Section 3.2, a type ¢ player will purchase bonus actions in the spot market
(if needed) if and only if bonus actions result in a non-negative utility, i.e., u? = v+ a; Pg — pg > 0.
That is, only those players with a sufficiently high probability «; of passing the level with bonus
actions will buy them.

' The description of the sequence of events under the PAS and PSS strategies follow a similar pattern and not
detailed explicitly here.
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Lemma 1 (a) Under a PAS strategy, a player of type i will purchase bonus actions (before the
attempt) if and only if pa < (1 —;)(v+ B;Ps).

(b) Under a PSS strategy, a player of type i will purchase bonus actions (after failing the attempt)
if and only if ps <v+ a; Py.

(¢) Under a HAS strategy, a player of type i will purchase bonus actions before the attempt
if and only if pa < (1 —B){(B:;Pg+v)—E[(a;Pg+v—ps)T]}. For those players who choose not
to purchase in the advance sales market, they will purchase bonus actions in the spot market (if

needed) if and only if ps <v+ «;Pp.

We pay particular interest in a HAS strategy where the firm chooses to offer bonus actions in
both markets and set prices that induce positive sales in both markets (more details on this in
Section 5). As we have two types of players (high- and low-skill), under a HAS strategy there exist
two possible scenarios: (a) high-skill players consider buying in the spot market while low-skill
players consider buying early, and (b) low-skill players consider buying in the spot market while
high-skill players consider buying early. To highlight the fundamental difference between the two
scenarios, we call (a) a reqular HAS strategy and (b) a reverse HAS strategy.

Remark 1 It is tmportant to stress that the pure advance strategy and the pure spot strategy are
not special cases of a HAS strategy (either the regular or reverse). One might think this given that
a HAS strategy is associated with opening up both markets and offering a price in each, and so one
could set a sufficiently high price under a HAS strategy to effectively “shut down” one market or
the other. However, such a strategy is not a HAS strategy by our definition. As mentioned at the
beginning of the last paragraph (and as will be seen in later development), hybrid selling strategies

are those where prices are set to induce positive sales in both markets.

Below, we carefully explore the utility difference U — UN“ under a HAS strategy that serves
an important role in determining which players will purchase in the advance sales market. Some
algebra produces the following description of the utility difference U — UN4 from Equations (1)

and (3) describe the net value for an advance purchase:

U = U = (1= B:)(BiPs +v) —pa— (1= B)E[(:Ps +v —ps)™]
- 1 - Mi - - i - 1 — M ]E ZP - . 4
(L= 5)(ps —pa) Bipa (1 BB +ail’s —ps) ] (4)
price discount waste of bonus actions potential negative surplus

The first term measures the benefit of buying early, that is a price discount for purchasing bonus
actions in advance; namely, it is the product of the markup ps — p4 in the spot market weighted by

the probability 1 — 3; that a purchase is even needed in the spot market. The second term is a loss
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associated with buying bonus actions in advance that is not used. This happens with probability
B;. It is straightforward to see the first term decreasing in §; and the second term increasing in ;.

The third term is the loss associated with buying bonus actions in advance that is actually used,
i.e., the player failed the level at the first attempt. At the end of the first attempt, if a player’s
realized «; is very small—meaning that her second chance at passing the level using bonus actions
is low—then purchasing bonus actions may result in a negative surplus or loss. The player will not
purchase the bonus actions in the spot market. However, the same player might have made an early
purchase of bonus actions. In this scenario, the player incurs a loss associated with advance buying,
which is captured in the third term. Given that «; follows a uniform distribution, U[8; — ¢, 8; + 9],
we can easily show that the third term decreases in §;. As a result, the difference U — UN4 may

not be monotone in ;.

Remark 2 We want to highlight how our analysis of (4) is a significant departure from the extant
advance selling literature focusing on end goods. Because end goods do not have so many uncertainty
layers as tools, the third term in (4) degenerates to a simple constant, e.g., $;L; in Bhargava and
Chen (2012) and BL in Xie and Shugan (2001) (note that the notation borrows some from our
paper to allow for more ready comparison), which is dominated by the second term. As a result,
the difference U — UN4 is monotone in 3; in end goods advance selling literature, meaning that

only regular hybrid is possible.

The possibility of having both hybrid and reverse hybrid strategies is illustrated concretely in

the following example.

Example 1 Consider the instance with v=1, Py =2, Pg =05, 6 =0.1, and consider the given
prices pa = 1.5 and ps =3. Table 1 (with Sy =0.3 and f;, =0.1) displays the scenario that high-
skill players prefer to buy early but low-skill players prefer to buy at spot. Table 2 (with Bz = 0.6
and B, = 0.4) displays the scenario that low-skill players prefer to buy early but high-skill players
prefer to buy at spot.

type H player | type L player
discount: (1 — 3;)(ps —pa) 1.05 1.35
waste: 5;pa 0.45 0.15
potential negative surplus: (1 — 3;)E[(«; Pg +v —ps) | 0.35 1.35
UA=5,Py + (1—B)(5:Ps +0) —pa 0.85 0.05
UNA=B,Py + (1 - B:)E[(a; Pg +v —ps) 7] 0.6 0.2
U — UNA = discount - waste - potential negative surplus 0.25 —0.15

Table 1 Example where Uf —UNA > 0> U2 —UNA. (Assume Sy =0.3 and 3 =0.1)
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type H player | type L player
discount: (1 —f;)(ps —pa) 0.6 0.9
waste: 5;pa 0.9 0.6
potential negative surplus: (1 — ;) E[(a; P +v — ps)~] 0 0.075
U’ =3Py + (1—B;)(BiPs+v) —pa 1.3 1.1
UNA =3Py + (1—B)E[(a;Ps +v—ps)T] 1.6 0.875
U/ — UNA = discount - waste - potential negative surplus -0.3 0.225

Table 2  Example where Ufi —UnN* <0< Uf —UN*. (Assume By = 0.6 and 8 =0.4)

As we can see, although low-skill players enjoy a higher discount for buying early and lower
waste, their potential negative surplus associated with buying bonus actions in the spot market is

also higher. Hence, it is unclear which type of player has a higher net value for an advance purchase.

When the “residual” uncertainty «; is considered, players with less skill may choose to wait
to purchase bonus actions while more skilled players purchase bonus actions in advance. This is
due to the possibility that bonus actions can be priced in such a way that only “lucky” low-skill
players who make better-than-average progress towards passing the level will find bonus actions
valuable enough to purchase ex-interim, but this price is too high for skilled players, who prefer
to buy ez-ante at a discounted price. The low-skilled player’s expected value of bonus actions can
be lower than the discount price ex-ante, but a portion of low-skill players facing different residual
uncertainties may find bonus actions sufficiently valuable ex interim to warrant a purchase. The
important factor here is that the residual uncertainty inherent in using bonus actions can induce

a wide range of expected values for players of differing skills.

Remark 3 In this remark, we further expand on the distinction between our paper and that of
Bhargava and Chen (2012) (and related literature). To do so, we must make clear another difference
that arises in the tool context that differs from the end good context in terms of the classification of
customer types. Our customer segments, based on notions of high and low skill, do not align with
the “mass” and “niche” customer categories discussed in Bhargava and Chen (2012). The low-skill
type is one who is more likely to need the tool but, interestingly, often finds it less useful at the time
of usage. A low-skill player is more likely to fail the level (since Br is smaller than By ), but is also
more likely to fail the level even with the benefit of using bonus actions («y, is more likely to yield
a smaller result than ag). These two types do not have a direct mapping to “niche” and “mass”.
Indeed, there may be some games where the mass of players is low-skill, whereas, in others, the
mass of players is high-skill. Indeed, some games are designed to be “inviting” to newer, less-skilled

gamers, while others court experienced players.

The possibility of both the hybrid and reverse hybrid strategies presents challenges in our anal-
ysis, and we will proceed by first analyzing a case that rules out this complexity. The following

lemma helps us identify such a case.
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Lemma 2 Suppose B > (1—By) — By - Under a HAS strategy, we have Up—UNA>UH—-UJA for
any pa and ps. That is, it will never transpire that high-skill players buy in advance and low-skill

players buy in the spot no matter the choice of pa and ps of the firm.

Lemma 2 implies that when S, is sufficiently high, low-skill players are always more motivated to
buy early than high-skill players. In other words, the firm can never set prices to induce high-skill
players to buy in advance and low-skill players to buy in the spot. In this setting, a HAS strategy
must be a regular HAS strategy.

In the proof of Lemma 2, we actually show that the condition 8 > (1 — Sy) — % is a sufficient
and necessary condition. If g, < (1 — fy) — Bo the firm can find prices p4 and pg that induce
high-skill players to buy in the spot and low-skill players to buy in advance. Namely, a reverse
HAS strategy may be feasible. Furthermore, we find that the same condition 8, > (1 — 8y) — %
has implications for the PAS strategy.

Corollary 1 Under a pure advance selling strategy, if 5, > (1 — Bu) — FZ’—B, we have U —UNA >

Ui —UNA for any pa. IfﬁL<(1—ﬂH)—%, we have Ui —UNA <U# —UEA for any pa.

Corollary 1 suggests that as long as g, is sufficiently high, even if the spot market is not available
and the firm commits to selling bonus actions only in the advance sales market, low-skill players
are more likely to buy early than high-skill players. But if 5, is relatively low, high-skill players
become more likely to buy early than low-skill players.

Motivated by Lemma 2 (and Corollary 1), we classify games into two types. We call games with
relatively high 5 (i.e., B > (1 — Bu) — %) casual games and games with relatively low £, (i.e.,
Br<(1—pu)— %) hardcore games. We will characterize the optimal selling strategies for casual
and hardcore games in Sections 6 and 7 respectively.

Examples of casual games are those marketed to a mass audience that start with an easy learning
curve that encourages many people to play. Examples include Candy Crush, Cute the Rope, and
Words with Friends. In some of these games, the difficulty is adapted to the player’s skill level by
matching players in competitive settings with similar skill levels. Even for more difficult games, the
initial levels may be easier to progress through, making the games more casual initially (we return
to this theme in later discussions). Examples of more challenging puzzle games are Red Puzzle Game
and Beat Stomper, which require outside-of-the-box thinking and punishingly accurate hand-eye
coordination, respectively. These games are known for their challenge. An inexperienced player is
very unlikely to make it far in these games, suggesting that g, is sufficiently low to be classified
as hardcore games in our framework.

We end this section with a couple of comments about the bound g > (1 — 8y) — v/Pg, which

plays an important role in our paper. First, note that the right-hand side of this inequality is less
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than 1, but could be negative. This implies that it is possible for a given set of parameters, that
all values of 5 would get classified as a casual game. Also, when v =0, the bound yields a clean
interpretation: a game is casual if the success probability of a low-skill player exceeds the failure

probability (1 — 8g) of a high-skill player.

5. Firm’s decision
As detailed in the previous two sections, the firm has four selling strategies—PAS, PSS, regular
HAS, and reverse HAS. In order to find the optimal selling strategy, the firm optimizes the prices
under each selling strategy, and from among these chooses the strategy that optimizes revenue.
In this section, we describe the firm’s optimization problem under each of the four selling strate-
gies. For brevity, the optimal prices and revenue under each selling strategy are characterized in
the appendix. We denote the optimal revenue for the four selling strategies IT* (pure advance), I1°
(pure spot), IT (regular hybrid), and TI®*# (reverse hybrid). The firm’s revenue under the optimal
selling strategy is denoted IT*, which satisfies IT* = max{II4, T1% 1" TR},

5.1. Firm adopts a PSS strategy
Here, the firm shuts down the advance sale market and sells bonus actions only in the spot market.
It chooses the price pg for bonus actions to maximize its revenue. The firm’s optimization problem

is
g;%%n(ps) ==ps {Nu(1 = Bu)E[L(v+ayPp—ps >0)]+ Np(1 - BL)E[L(v+ arPg —ps > 0)]},

where the form of the profit function II in this expression comes from the following logic. Lemma 1
indicates that players will purchase bonus actions at price pg only when they fail their initial
attempt and have a sufficiently high «;. Accordingly, Ny (1 — Sy)E[1(v + ayPp — ps > 0)] is the
expected number of high-skill players who will purchase bonus actions and Nz (1 — 57)E[1(v +
arPg — ps > 0)] is the expected number of low-skill players who will purchase bonus actions,
where E[-] is the expectation over the distribution of «; and ¢ = H, L (respectively) and 1(-) is the
indicator function. The fact that the firm is risk neutral and the price pg is set uniformly across
all a; justifies taking expectations over «; in the computation.

In equations (A.2) and (A.4) of the appendix, we show that II(pg) is a piecewise continuous
function, but it may not be unimodal. Nevertheless, each piece of II(pg) is either linear or quadratic
in pg. Using this insight, we characterize the optimal price to be at a kink point or satisfy the

first-order condition. See Lemma A.3 in the appendix.



626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

22 : Selling Bonus Actions

5.2. Firm adopts a PAS strategy

Here, the firm shuts down the spot market and commits selling bonus actions only before the
attempt. If a player chooses not to buy early, she will not have a second chance of buying bonus
actions if she fails the attempt. As discussed in Section 4, a type i player will purchase bonus actions
at price pa if and only if U = 8Py + (1 — £;)(8iPp +v) — pa > UN* = B, Py, or equivalently,
pa<(1=5)(B:iPp+v).

The firm determines the price p4 for bonus actions to maximize its revenue. Following Corollary 1,
we know that (1 — Bg)(BaPs +v) < (1 — B)(BrPs +v) if B, > (1 — By) — B, Whereas (1-
Bu)(BuPp+v)> (1= B)(BrPp+v) if By <(1—Bu) — 5. As a result, the firm’s revenue will be
different for casual and hardcore games.

For casual games, a larger price discount is needed to motivate high-skill players to buy in
advance, in comparison to low-skill players. In this case, the firm’s optimization problem is given
by

pa(Nu+Np), if pa <(1—Bu)(BuPp+v),
11}114%%1_[(19,4) =4 palVg, if (1—pu)(BaPp+v)<pa<(1—PBL)(BPs+v),
0, if pa>(1—p51)(BLPs+v).
For hardcore games, a larger price discount is needed to motivate low-skill players to buy in

advance, in comparison to high-skill players. Thus, the firm’s optimization problem is given by

pa(Nu+Np), if pa <(1—-PB1)(BLPs+v),
maxIl(pa) := ¢ paNu, if (1—BL)(BLPp+v)<pa<(1-Bu)(BuPs+v),
pa>0 .

0, 1pr>(1_/BH)(5HPB+U)

In both cases, II(pa) is piecewise linear but not continuous. Therefore, the optimal price must
be at one of the breakpoints, either (1 — 5.)(8.Ps +v) or (1 —Bx)(BgPg+v). If p4 is chosen in a
PAS strategy to target both high-skill and low-skill players we call this a PAS-HL strategy. If p, is
chosen in a PAS strategy to target only low-skill players, we call this a PAS-L strategy. A PAS-H
strategy is similarly defined.

5.3. Firm adopts a regular HAS strategy.
Here, the firm sells bonus actions in both the advance sales and spot markets and sets prices pa
and pg that induce high-skill players to make purchases in the spot market and low-skill players
to make purchases in the advance sales market.

Since we assume that the firm determines and announces the prices dynamically, we analyze the
optimization problem backwards. First, in the spot market, the firm determines the price pg to

maximize its spot market revenue Ilg. Since a regular HAS strategy restricts attention to the case
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that high-skill players purchase in the spot market, the firm’s optimization problem in the spot

market is given by
g@%HS(ps) =psNu(1 = Bu)E[L(v+ayPp —ps 2 0)]. (5)

Given the optimal spot price p§, the firm chooses p4 to maximize its revenue from low-skill
players in the advance sales market. Let 114 denote the firm’s revenue in the advance sales market.

The resulting optimization problem is

g}‘%m(m) =palNy
st. pa<(1—=PBr){v+pBLPs—E[(v+arPs—ps)T} (6)
pa>(1—Bu){v+ BuPp—E[(v+ayPs—ps)t]}. (7)

Following Lemma 1, Constraints (6) and (7) ensure that, after observing the price ps and antic-
ipating the spot price p¥, low-skill players will choose to purchase bonus actions in advance and
high-skill players will choose to purchase bonus actions in the spot market. These conditions ensure
that a positive number of bonus actions is chosen in each market. This confirms what was discussed
in Remark 1 above regarding the definition of the HAS strategy.

If there exists a price p that satisfies constraints (6)—(7) for some p¥ solving (5), we say that an
optimal reqular HAS strategy exists. For casual games, the existence of the optimal regular HAS
strategy is guaranteed by Lemma 2. However, for hardcore games, it is possible that given the
optimal spot price p%, we cannot find any price p4 satisfying constraints (6) and (7). That is, for
hardcore games, the optimal regular HAS strategy may not exist, and in this case, we will simply

set ITH = 0.

5.4. Firm adopts a reverse HAS strategy
Here, the firm sells bonus actions in both advance sale and spot markets and sets prices p4 and
ps to induce low-skill players to make purchases in the spot market and high-skill players to make
purchases in the advance sales market.

Similar to Section 5.3, we first solve the firm’s problem in the spot market

max I1g(ps) :=psNr(1 — Br)E[L(v+ arPg — ps > 0)]. (8)

ps=>0

Given the optimal spot price p§, the firm chooses p4 to maximize its revenue from high-skill players
in the advance sales market. Thus, the firm solves the following optimization problem:

maXHA(pA) 3:pANH

pa>0

st. pa>1—PBL){v+BLPs—E[(v+a,Ps—ps)T]} 9)
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pa<(1—pu){v+pPuPr—E[(v+ayPs—ps)T]} (10)

Constraints (9) and (10) guarantee that given the prices p4 and p§, high-skill players will choose
to purchase bonus actions in advance and low-skill players will choose to purchase bonus actions
in the spot market. These conditions ensure that a positive amount of bonus actions are chosen in
each market. Again, this confirms what was discussed in Remark 1 above.

If there exists a price p4 that satisfies constraints (9)—(10) for some p% solving (8), we say that an
optimal reverse HAS strategy exists. Lemma 2 implies that the optimal reverse HAS strategy does
not exist for casual games. In this case, we set II7*¥ = (. For hardcore games, given the optimal spot
price p%, we may be able to find a price p, satisfying Constraints (9) and (10). That is, for hardcore

games, the optimal reverse HAS strategy may exist. Example 1 illustrates such a situation.

Below, we characterize the optimal selling strategy for casual games (Section 6) and for hard-
core games (Section 7). As mentioned earlier, the firm optimizes the prices under each candidate
selling strategy, and from among these, chooses the one with the highest revenue. Therefore, in the
following discussion, whenever we say “the PAS strategy” or “the regular HAS strategy”, we refer

to those under optimal prices.

6. Casual games
In this section, we consider the case of casual games—first defined at the end of Section 4—where
B is sufficiently high, meaning that low-skill players have a high probability of passing the level

without bonus actions. Specifically, we assume the following throughout Section 6.

Assumption 1 (Casual game) [; > (1 —(y) — %,

We would like to characterize the optimal selling strategy for casual games. Following the dis-
cussion in Section 5, we know that the reverse HAS strategy does not exist for casual games. To
find the optimal selling strategy, we compare the firm’s optimal revenues under the PAS strategy,
the PSS strategy, and the regular HAS strategy. That is, we compare II#, II¥ and II¥, and find
the one with the largest revenue.

Our first result states that the regular HAS strategy is always better than the PSS strategy.

Proposition 1 For casual games, the reqular HAS strategy dominates the PSS strategy. That is,
> 1s.r»

15 Equality holds only if one of Ny or Np, is zero or g = Br. These are cases that we exclude in our model, as
discussed in Section 3.
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Remark 4 At first glance, Proposition 1 may seem entirely expected because one may think that
PSS is just a special case of HAS by setting the advance sale price p, to be sufficiently large under
HAS. However, this is not the case because PSS is not a special case of HAS. Recall Remark 1
highlights that the definition of a reqular HAS strategy is to have positive sales amounts in both

markets and constraint the choices of pa and ps accordingly (see Section 5.3 for details.)

According to Proposition 1, the optimal selling strategy for casual games should be either the
PAS strategy or the regular HAS strategy. We further examine when one of the two strategies
dominates in the following theorem. This gives us insight into the decision of when to close the

spot market, which has not been explored in the previous literature (as detailed in Section 2).

Theorem 1 For casual games, there exist two (non-negative) thresholds, n and n, for the ratio
Ny/Np.
e When Ng/Np <n or Ng/Np >n, it is optimal to shut down the spot market and pursue the
PAS strategy. That is, 114 > 117,
e When n< Ny /Ny <, it is optimal to pursue the reqular HAS strategy. That is, TI* < TIH.

Theorem 1 indicates that only when the market is balanced between low-skill players and high-
skill players, the regular HAS strategy is optimal. Otherwise, the PAS strategy is optimal. The
characterization of the two thresholds n and 7 are provided in equations (A.8) and (A.9) of the
appendix.

At a high level, this result balances two important forces. On the one hand, there is the power
of having two markets and the ability to price discriminate between these two markets. On the
other hand, with PAS, there is the value of the firm committing to shutting down the spot market,
which can motivate players to purchase early by removing any potential utility for waiting. It is
not surprising that there are scenarios where one of these two benefits dominates over the other
depending on the parameters of the model.

It is less expected, however, that the resulting relationship is not monotone in the proportion
of skilled players. Theorem 1 indicates that the PAS strategy is optimal when there are relatively
few high-skill players (N /Ny <n) or a high proportion of high-skill players (Ng /Ny >n). But
when the proportion of high-skill players is moderate, the regular HAS strategy becomes optimal.
This non-monotonicity in the proportion of Ny /N can be explained by the existence of the two
regimes of the optimal PAS strategy—PAS-L and PAS-HL (defined in Section 5.2)—and the fact
that the optimal regular HAS strategy does not change its structure as Ny /N changes (following
the derivations of PAS and HAS in the appendix).

The intuition is as follows. The PAS-L strategy is optimal when there are very few high-skill
players (Ng /N <n). In casual games, low-skill players are more likely to buy early than high-skill
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players (according to Lemma 2 and Corollary 1). When the firm charges the highest advance sales
price that the low-skill players are willing to pay, low-skill players purchase, but high-skill players
do not. If the firm wants to attract high-skill players to buy, it has to further lower the price in
the advance sales market or open the spot market. However, considering that there are relatively
few high-skill players, the increased sales from high-skill players cannot justify the profit margin
loss from low-skill players. Thus, the firm should only serve low-skill players and stay committed
to closing the spot market.

For intermediate proportions of high- and low-skill players, it is optimal to follow a HAS strategy.
The spot price can be set to attract high-skill players but not significantly impact the price for
bonus actions sold to low-skill players in advance. Here we see the benefits of price discrimination.
The price in the advance sales market can stay sufficiently high since it does not need to attract
high-skill players. This allows for a proportion of high-skill players to realize sufficiently small
values of «; to warrant purchases in the spot market.

However, as the proportion of high-skill players increases, the firm adopts the PAS-HL strategy.
Although a lower price is needed to attract high-skill players to buy in advance rather than in
the spot market, it can be sold to a larger proportion of them. Indeed, high-skill players are
homogeneous before ¢; is realized, so a price can be chosen so that all high-skill players purchase
early. Of course, this is a lower price than would be needed to sell only to low-skill players, but
now there are sufficiently many high-skill players to justify the lower price. The fact that there
is no spot market, captures value in the advance sales market from high-skill players who would
otherwise wait to see if they needed to buy bonus actions in the impending spot market.

Theorem 1 provides implications for selling bonus actions in practice. When a game is initially
introduced to the market, almost everyone is playing for the first time, so they are likely to be low-
skill players. As players play the game, some of them become high-gkill players, and the proportion
of high-skill to low-skill players increases. Eventually, as the game enters a maturing stage, the
majority of players are experienced high-skill players because only “die-hard” fans stick with the
game, and new adoptions of the game are less frequent. Thus, our result suggests that, throughout
the life-cycle of a game, the firm should start with a PAS strategy, then adopt a HAS strategy,
finally switching back to a PAS strategy.

Theorem 1 further suggests the firm should adopt different selling strategies for different levels
of the game. Usually, a level-based puzzle game starts with easy puzzles that attract many low-skill
players. As players progress through the levels of the game, the proportion of high-skill to low-skill
players increases. This could be because later puzzles are more challenging and low-skill players
have difficulty in advancing to these levels. It is also possible that low-skill players evolve into

high-skill players as they ascend to higher levels. Thus, our findings suggest that bonus actions
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should only be sold in advance at early levels. A HAS strategy is preferred at intermediate levels
where low-skill players start to drop-off. Finally, the firm would return to PAS strategy as mostly
only experienced players remain.

The puzzle game Happy XiaoXiao Le follows a HAS strategy, suggesting, according to our
findings, that the game has a mix of high-skill and low-skill players. This is consistent with the fact
that many puzzle games are designed to be attractive to a wide variety of players with differing
levels of skill. Yet, it is worth noting that, at the time of writing this paper, Candy Crush did
not offer advance sales of their popular “five extra moves” bonus actions; they are only offered
in the spot market. This, however, need not contradict our theory. We discuss this in more detail

following the statement of Proposition 4 below.'¢

7. Hardcore games
In this section, we study the optimal selling strategy for hardcore games with relatively low 5.

We make the following assumption throughout Section 7.

Assumption 2 (Hardcore game) [; < (1—8y) — o

In Section 4, we have described how both the optimal regular hybrid and the optimal reverse
hybrid can both become feasible in hardcore games. This feasibility needs to be handled carefully
when analyzing hardcore games. The detailed conditions for the existence of the optimal regular
HAS strategy and the optimal reverse HAS strategy are provided in Lemma A.4 and Lemma A.6,
respectively, in the appendix.

As a result, for hardcore games, all four selling strategies are candidates for the optimal strategy.
To find the optimal selling strategy, we compare the firm’s optimal revenues under an optimal
PAS strategy (IT#), an optimal PSS strategy (II°), an optimal regular HAS strategy (I1%, if one

HRH

exists), and an optimal reverse HAS strategy ( , if one exists). We prove that the PAS strategy

dominates all other strategies for hardcore games.

Theorem 2 For hardcore games, the optimal selling strategy is to shut down the spot market and

adopt the PAS strategy. That is, IT14 > 11°, 14 > 117, and 114 > T1RH,

Theorem 2 indicates that the firm should always commit to selling bonus actions in advance and

shut down the spot market for hardcore games. Removing sales in the spot market allows the firm

16 There is also one complication on the Apple platform for games. The minimum payment on the platform is $0.99
USD. This restriction can limit the implementability of a PAS strategy, where optimal prices may fall below that
range. An interesting extension of our model here might study the implication of restricting prices to a “price ladder”.
Price ladders have been studied with some interest in the revenue management literature (see, for instance, Sumida
et al. (2021)).
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to charge a higher price to more players in the advance sales market, thus benefiting the firm. If
opened, the spot market can become crowded by low-skill players because it is difficult for these
players to pass the level. However, these low-skill players do not value the bonus actions very highly,
because they cannot easily pass the level even with additional help. Selling to low-skill players in
the spot market makes the spot price too low. Indeed, because the bonus actions are relatively
"weak” on average for low-skill players (because (3 is low), a low-skill type player has an incentive
to wait to see if they get lucky and almost finish the level before buying bonus actions. So the
waiting incentive is high when (G is small. Cutting the spot market cuts out this speculation and
allows for a higher advance sale price, driving up revenue. It can, therefore, be more profitable to

commit to shutting off the spot market.

8. Discussion

We now discuss how the optimal selling strategy is impacted by game characteristics (Section 8.1)
and market characteristics (Section 8.2). This will allow us to answer (Q1) and (Q2) in light of
(F1) and (F2), first raised in the introduction. This discussion will focus on casual games for which
the optimal strategy could be either the PAS strategy or the regular HAS strategy. Indeed, for
hardcore games, the PAS strategy is always optimal. Then in Section 8.4, we explore the total

player welfare under both casual and hardcore games.

8.1. Impact of game characteristics

Recall that entropy d measures the predictability of an attempt’s progress. As mentioned before,
games with high § are those with significant random components where the ending position is hard
to predict for the player. We refer to such settings as games of chance. In contrast, games with
low § are referred to as games of skill. The ending position of these games is easier to predict for
the player. Entropy, to some extent, can be controlled by the firm. For example, when designing a
level, the publisher can add or remove random elements.

We now explore how a level’s entropy has an impact on selling strategies. Theorem 1 indicates
that the firm should adopt the HAS strategy only when the ratio Ny /Ny is intermediate; that is,
n < Ny /Ny <n. In Figure 2, we plot the two thresholds, n and 7, as functions of § for a given
instance. Observe that the lower threshold n increases in § whereas the upper threshold 7 decreases
in §, suggesting that for games with large entropy, the HAS strategy becomes less attractive. In
other words, the firm adopts the PAS strategy for a wider range of parameters. This is formally

established in the following proposition.

Proposition 2 Recall the upper and lower thresholds n and n defined in Theorem 1 for casual

games. The upper threshold n (when positive) decreases in & while the lower threshold n (when
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Figure 2 The upper and lower thresholds change with §. (Fix Sz =0.7,8. =0.5,v =1 and Pg =2)

positive) increases in §. In other words, as level entropy ¢ increases, the firm is more likely to adopt

the PAS strategy than the HAS strategy.

At a high level, this result is intuitive. Games of chance (games with high entropy) leave players
with uncertainty about where they will end up after their attempt. Thus, there can be a lot of
value for players to wait and see if they can actually make use of bonus actions after their initial
attempt fails. Since this uncertainty is resolved when the spot market is reached, it can be difficult
for firms to capture value in both the advance and the spot markets in the HAS strategy through
differential pricing. In PAS, the spot market is eliminated. With no spot market, the high levels of
entropy must be “insured” against ex-ante, allowing for a relatively high advance price selling to a
larger proportion of players.

This result has some interesting implications. Consider a game like Wordscapes that requires
rapidly making words from an arrangement of letters. Although randomness is a factor (the avail-
able letters are randomly drawn), there is a high degree of skill involved in the game. This suggests
that J is very low, leading to a narrow range of parameters where the PAS strategy is optimal.
This confirms what we see in practice, that Wordscapes offers extra time to complete the puzzle
throughout the puzzle attempt, not just in advance. Skilled players, ex-ante are unlikely to feel the
need to purchase the booster, but at the end of their attempt, they can see the direct and clear
benefit of purchasing one. Low-skill players predictably “come up short” in many of the puzzles,
and so can be enticed to purchase early because they can be convinced that they will use a booster
regardless.

At the other end of the spectrum are games with a high degree of randomness, such as mobile
game implementations of slots, roulette, etc. In these games, our theory predicts that we might see
more PAS strategies implemented in practice. This is intuitive. In games like slots or roulette, so

much uncertainty is revealed as the game progresses, many players would want to delay in order to
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purchase bonus actions until after some of this substantial uncertainty is resolved. However, many
players will also realize that bonus actions are worthless if they arrive in a disadvantageous position
in the game. What our results suggest is that it is more likely to be optimal in these settings to
force the purchase of bonus actions ex-ante to increase overall revenue, where more players can be

induced to purchase.

8.2. Impact of market characteristics

We explore how market heterogeneity in skill impacts the selling strategy. Recall that e = S5 — £,
indicates the skill difference. A large € means the market heterogeneity is high. A small ¢ means
the market heterogeneity is low. Figure 3 demonstrates that, for a fixed 5, the upper threshold
7 (when positive) increases in Sy whereas the lower threshold n (when positive) decreases in fg.

We formally establish the result in the following proposition.

0.07
40
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1€ 20 S|
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(a) upper threshold 7 (b) lower threshold n

Figure 3  The upper and lower thresholds change with 3. (Fix 8 =0.5, 6 =0.1, v=1 and Pp =2)

Proposition 3 For a given By, satisfying Br, > (1 —Pu) — P the upper threshold n. (when positive)
increases in By while the lower threshold n (when positive) decreases in By. In other words, as the
market heterogeneity € increases, a firm is less likely to adopt the PAS strategy and more likely to

adopt the HAS strategy.

The logic behind this result is simple. As market heterogeneity increases, the value of discrimi-
natory pricing between the advance and spot markets is enhanced, making hybrid pricing—which
takes advantage of this type of price discrimination—more attractive.

This result has interesting implications for our game setting. As players become more familiar
with a game, the skill difference can change. One possible interpretation is that skill differences

widen over time, as the advantage of skilled players is heightened over time with familiarity with
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the game. This can happen, for instance, if skilled players persist in playing the game over a longer
period of time, with lower-skill players being less familiar with the game and its mechanics.
Another possible interpretation is that skill difference narrows over time since intuition and raw
ability become less important as low-skill players learn the “tricks of the trade”. Our results show
that the trend in skill difference naturally leads to a change in the pricing strategy for bonus
actions. If the firm notices skill differences increasing with time, they are more likely to favor a
hybrid pricing strategy. If the firm notices skill differences narrowing with time, PAS strategies are

more likely to be preferred.

8.3. Combining the effects of 6 and ¢

The previous two results have discussed how changes in § and € impact the choice of selling strategy.
This raises a question of the relative impact of § and e. For example, if we have a large ¢, then
Proposition 2 suggests the firm is more likely to adopt a PAS strategy, whereas Proposition 3
suggests that a larger € leads a firm to adopt a HAS strategy. So what happens when both § and
€ are large?

We examine this question numerically. Consider the instance illustrated in Figure 4, which is
representative of all the numerical instances we generated in extensive experiments. Notice that
if § is sufficiently large, the value of Sz (and thus €) is irrelevant. The firm always adopts a PAS
strategy. Whereas, for every choice of Sy, there is a cutoff in the value of § that demarcates a
region where PAS is optimal and regular HAS is optimal. This shows that ¢ is more powerful than
€ in determining the optimal strategy. What explains this difference?

The intuition is as follows. When ¢ is large, both high-skill and low-skill players have a significant
enough probability for the ending status of the attempt to be so bad that buying bonus actions in
the spot market is not warranted. This reduces the value and profit of bonus actions in the spot
market. Large values of € favor hybrid strategies because there is scope for price discrimination
between the two groups. However, once ¢ is sufficiently large, there are reduced opportunities to
take advantage of this difference because bonus actions are not useful for those who realize a bad
ending status in their attempt. Thus, the discrimination benefit of the hybrid strategy is limited. It
is, therefore, optimal for the firm to shut down the spot market and focus its attention on advance

sales.

8.4. Player welfare

In this section, we examine the total player welfare denoted as PW = NyUy + N UL, where U;
indicates the utility of a type ¢ player and N; indicates the number of type ¢ players (i = H, L).
Depending on the firm’s selling strategy and player behavior, player utilities U; can be derived

following Section 3.2.
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Figure 4  The optimal strategy changes with § and Sy. (Fix 3, =0.5, v=1, Ps =2, and Ny /Ny =1)

Proposition 4 For casual games, shutting down the spot market is never player welfare maximiz-
mng.

o The sales strategy that leads to maximum player welfare is PSS.

e There exists no “win-win” selling strategy that simultaneously results in the highest profit for

the firm and the highest welfare for the players.

Theorem 1 states that for casual games, the optimal strategy that maximizes the firm’s profit
would be either the PAS strategy or the regular HAS strategy. Nevertheless, we can show that the
PAS strategy, when it is optimal, results in lower player welfare than the regular HAS strategy. We
further prove that the PSS strategy leads to a higher player welfare than the regular HAS strategy.
This is because having advance sales market open allows the firm to charge a higher spot market
price and extract more player surplus. Therefore, there is no win-win strategy for casual games.

This result does, however, shed some possible light onto Candy Crush’s choice of only offering
bonus actions in a spot market. Candy Crush is the flagship game of the developer King, who may
be more interested in “growing the base” of people interested in their products than maximizing
profit when it comes to their bonus action design. If this is the case, offering bonus actions in
the spot market only maximizes player welfare, consistent with a “growth” strategy for the game.
Possibly at a later stage of time, King may pursue a more profit-maximizing approach for Candy
Crush and start to offer bonus actions in the advance sales market.

On the other hand, we find that a win-win scenario can happen for hardcore games. We sum-

marize the finding in the following proposition.

Proposition 5 For hardcore games, it can be player-welfare mazximizing to shut down the spot

market.
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e If the HAS strategies do not exist '7, the PAS strategy is a win-win strategy for the firm and
players when the ratio Ny /Ny, is moderate.

o Otherwise, there is no win-win strategy.

We have shown in Theorem 2 that for hardcore games, the optimal strategy that maximizes the
firm’s profit is the PAS strategy. Proposition 5 further indicates that if the HAS strategies do not
exist, i.e., neither the regular nor the reverse HAS strategy exists, the pure advance selling strategy
leads to the highest player welfare when the ratio Ny /Ny is moderate. When the ratio Ny /Ny,
is very small or very large, the PSS strategy gives a higher player welfare than the PAS strategy.
If the HAS strategy exists (regular hybrid or reverse hybrid), it always results in higher player
welfare than the PAS strategy.

Together, Propositions 4 and 5 reveal that it is always player-welfare maximizing to open the
spot market in casual games but it may be player-welfare optimal to shut down the spot market in
hardcore games. The intuitive reasons for this are straightforward, given the depth of our previous
discussions. First, in casual games, bonus actions are valuable to players because 8 and (thus
ay) are likely to be sufficiently high. Thus, when the bonus actions get priced in the spot market,
a larger consumer surplus is associated with sales. By contrast, in hardcore games, spot market
prices are more likely to target high-skill player valuations and price low-skill players out of the
market because their chance of passing the level with bonus actions is low (8 is low and so «ay, is
low). Thus, shutting down the spot market and selling at a lower price in the advance market can

increase player welfare.

8.5. Alternative pricing mechanisms in the spot market
Our main analysis has proceeded with the assumption that the spot market price pg can be chosen
post-attempt of the player, but that this spot price is uniform across all players. As we have argued,
this is consistent with industry practice. Lack of uniformity in pricing is unpopular among players,
who often view games as a “level playing field” for progress and, therefore, would find it unfair for
some players to receive lower prices than others. The ability to select the spot price post-attempt
reflects the game designer’s lack of price commitment. They can always reduce the spot price
by some discount factor, which is also common in practice. However, the rational expectations
assumption invoked in our analysis suggests that players can account for these price adjustments
in equilibrium.

In this section, we examine alternative pricing mechanisms in the spot market. First, we examine
the impact of personalized pricing in the spot market. Second, we examine what results if the game
designer must choose and commit to the spot price before the player attempts the level, at the

same time that the advance sales price is determined.

17 The detailed conditions can be found in Lemma A.4 in the online appendix.
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8.5.1. Personalized pricing. First, we assume that the firm can charge a personalized price

in the spot market. We get the following result.

Proposition 6 Suppose the firm charges a personalized price in the spot market.
e The optimal spot price will be p%(a) =v+ aPp.
e The firm achieves the same revenue under the PSS and HAS strategies.

e The PSS strategy and the HAS strategy dominate the PAS strategy.

Proposition 6 says that when the firm can charge a personalized price in the spot market, it is
optimal for the firm to adopt the PSS strategy or the HAS strategy. This is intuitive because,
under personalized pricing, the PSS and HAS strategies allow for perfect price discrimination in
the spot market, since the game designer can observe the ending condition « for every player
before selecting the spot price. The PAS strategy is never optimal because it misses out on the
opportunity to price discriminate.

Our analysis of the uniform spot pricing case reveals that the PSS strategy is never optimal.
In the previous section, we discussed this issue in the paragraph following Proposition 4, where
we noted that Candy Crush pursues a PSS strategy, and one explanation for this is that Candy
Crush was designed to maximize player welfare. Proposition 6 provides an alternate explanation:
Candy Crush is still profit-maximizing but is taking advantage of personalized pricing for price
discrimination instead of sticking to a uniform spot price. However, there is no evidence we could
find of Candy Crush ever customizing the price of bonus actions in the spot market to a particular
player. This, does not rule out other video game designers pursuing this type of strategy. We
continue to contend that personalized pricing strategies remain highly unpopular among players,

so firms take a risk if they pursue a PSS policy with personalized prices.

8.5.2. Price commitment. Now consider the scenario where the firm commits prices p4 and
ps prior to the player’s attempt at the level. It is easy to see that under a PAS and PSS strategy,
the optimal prices in this scenario are the same as in the previous analysis. For the case of PAS,
this is trivial since no pg is selected (and so the timing of when pg is chosen is irrelevant). For the
PSS strategy, the rational expectations equilibrium assumption makes the two cases equivalent.
Differences arise in the hybrid cases.

To see what happens in the hybrid case, we focus on the casual game setting and assume the
firm commits to prices such that low-skilled players buy in advance while high-skilled players buy

in spot. Accordingly, the firm solves the following optimization problem:

max II(pa,ps) :=paNr +psNg(1—Bx)E[l(v+ agPg —ps > 0)]
pa=>0,p5>0
st pa<(—p){v+BcPs—E[(v+arPs—ps)t]}
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pa> (1= Bp){v+ BuPp—E[(v+agPs—ps)*]}.

Via analysis nearly identical in the flavor to our previous arguments (and thus omitted for
brevity) we derive a result equivalent to Theorem 1, except where the thresholds n and 7 have
slightly different expressions. In other words, the optimal strategy is either PAS or HAS, depending
on the relative proportion of low-skill and high-skill players. Accordingly, much of our interpretation
and discussion applies equally well in the price commitment setting as well as our original setting.
In addition, we have the following proposition after comparing these two settings and corresponding

results.

Proposition 7 Prices under committment are higher than those without committment. That is,

*,commit > *, dynamic
Z Ps

Ps

*,commit > *, dynamic
ZPa .

and py

The intuition for optimal prices to be higher under price commitment is as follows. Under
dynamic pricing, the optimal spot price maximizes the second-period profit only. Under price
commitment, the firm decides the spot price to maximize both periods’ profits. Because raising the
second-period price can help the firm to reduce waiting incentives and thus improve profitability in
the first period, the optimal spot price under price commitment is higher than that under dynamic
pricing. Correspondingly, the firm can charge a relatively higher advance selling price as well under
price commitment.

Proposition 7 indicates that the firm can charge higher prices under committment, implying a
higher profit for the regular hybrid strategy. Thus, price committment makes the regular hybrid

strategy more likely to be the optimal strategy than in our original setting.'®

9. Conclusion
In this section, we first summarize the results, followed by the managerial insights obtained in this

paper. Then we provide future research directions.

Summary

In this paper, we study how to sell bonus actions in video games. Our results are different for
hardcore games and casual games. For hardcore games, the firm should shut down the spot market
and adopt the PAS strategy. For casual games, the firm should close, open, and close the spot
market (correspondingly, adopt the PAS, hybrid, and PAS strategy) when the market size ratio of
high-skill to low-skill players is smaller than, between, and higher than two thresholds, respectively.

Furthermore, we find that the two thresholds move towards each other as the game entropy increases

18 The optimal prices under commitment are characterized in Lemma A.7 of the appendix.
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or as the market skill heterogeneity level decreases. Our investigation extends to player welfare and
social welfare. We find no win-win strategy exists for casual games, but the PAS strategy can be

the win-win strategy for hardcore games.

Managerial Insights

We offered insights in the paragraphs that followed each of our analytical results. However, by
assembling and expounding of several of those insights here, we can offer some concrete managerial
guidance to game designers. We reserve our insights here for casual games. The case of hardcore

games is less nuanced (as illustrated in Theorem 2 and Proposition 5).

Change strategies over the lifecycle of the game: When a game is initially introduced to the
market, most players are low skill. So the market size ratio of high skill to low skill is low. But as
time goes by, more and more players become high-skill and the market size ratio is more balanced.
Eventually, after the game has been released for a long time, most players who stick with the game
are “die-hard” fans who tend to be higher skilled. Hence, its market size ratio is high. Therefore,
our result suggests that, throughout the life-cycle of a game, the firm should start with a PAS
strategy, then adopt a HAS strategy, finally switching back to a PAS strategy.

FEvolve strategy as players become more engaged: Usually, a level-based puzzle game starts with
easy puzzles to attract low-skill players. However, levels steadily get harder in most games. Thus,
as players progress through the levels of the game, higher-skilled players are more rewarded and
thus are more likely to stay. Our findings suggest that bonus actions should only be sold in advance
at early levels. A HAS strategy is preferred at intermediate levels where low-skill players start to
drop-off. Finally, the firm would return to PAS strategy as mostly only experienced players remain

and it becomes a hardcore game.

Tune strategy to the randomness of the game design: A game of skill has less randomness (success
depends more on skill) than a game of chance. Our findings show that at optimality, the firm is
more likely to shut down the spot market and adopt the PAS strategy for a game of chance than

for a game of skill.

Adjust strategy if goal is to grow the customer base: From Proposition 4, we learned that profit-
maximizing strategies (either HAS or PAS strategies) compromise player welfare. Thus, if the goal
of the company is to use bonus actions to grow the customer base (via maximzing player welfare)

instead of extracting rents, it is best to pursue a PSS strategy.

Future directions
The model we study can be made more complicated in a number of ways that will bring us even

closer to the realism faced by game companies and could be the subjects of future research. For
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instance, one could expand the model to include player heterogeneity in utilities leading to a more
multi-faceted analysis. Other considerations include the possibility of players to trade bonus actions
among themselves or gift them to one another (which is allowable in some games), incorporat-
ing a social component into the analysis (see He (2017) for a previous study on trade in video
games). There is also the possibility of carrying over unused bonus actions from one level to the
next. This consideration would likely demand a dynamic model that incorporates some notion of
“inventory”. Another future research direction is social comparison. Although players do not inter-
act directly as they attempt the level in a single-player game, they may care about whether they
are progressing faster through puzzles than their other friends, or their relative ranking on some
leaderboards. This “social comparison” of progress can be an interesting area for future research.
Finally, researchers may find interest in unpacking the bundling of bonus actions. For instance,
should we sell bonus actions in packages of size three or five? Should we allow for different-sized
bundles? All of these questions demonstrate the richness and complexity of the video game setting

as a source of opportunities for business researchers.
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Online appendix for “Selling bonus actions in video
games”

Appendix A: Derivation of the four selling strategies for casual games

We consider casual games for which f;, is sufficiently high. Specifically, we assume 5, > (1 — 8y) —

v

5. Below, we characterize the optimal prices and revenue under the four selling strategies (pure
B

advance, pure spot, regular hybrid, and reverse hybrid). The optimal revenues under each selling
strategy are denoted as IT4, IT°, 117, and I1#* respectively. Without causing confusions, we denote

the optimal prices as p’ and pg without specifying the selling strategies. We let € = By — 1.

Reverse HAS strategy

As we assume S > (1 — By) — %, Lemma 2 implies that a reverse HAS strategy does not exist
for casual games. That is, the firm can never set prices p4 and pg such that low-skill players prefer
buying in the spot but high-skill players prefer buying in advance. In this case, we simply let
M =0. M

PAS strategy

Lemma A.1 For casual games, if the firm commits to selling bonus actions only before the
attempt, the optimal advance purchase price is

. {(15L)<6L113+-v), if Ny < Cr=folvs

Pa= (:l—ﬁH)(/BHP)B‘}'U)7 ZfNH > (»BH*(/?I:)ﬁ[lI:;

Bu+BL—1)Pp] pr
v+By Pp) L
Bu+Br—1)Ppg] N
v+By PR) L

The corresponding optimal revenue s

; (Bu=BL)v+(Bu+hr—1) Pp]
4 = {(1 I i N s ™ (1€5H)(vf/3H£’B) =N

(1= Bu)(BuPs+v)(Nuy +Ny), if Ny > LRl b —Oral N,

Proof of Lemma A.1: When the firm commits to selling bonus actions only before the attempt,

a type i player will purchase bonus actions in the advance sales market if and only if ps < (1 —
B:)(B:Pg+v). The assumption 51, > (1 —fy) — % results in (1—3.)(B.Ps+v) > (1—By)(BuPs+
v). As a result, the firm’s optimization problem is given by

pa(Nu +Ni), if pa <(1—8u)(BuPs+v),

ZT)IE%H(]?A) =< palNyg, if (1—Bu)(BaPp+v)<pa<(l—pL)(BPs+v), (A.1)
- 0, if pa> (1—BL)(BLPs+v).

The firm’s revenue is a piece-wise linear increasing function. Thus, the optimal price p* is either
(1 = BL)(BLPs +wv) or (1 —Bu)(BuPs +v), depending on whichever leads to a higher revenue.

Therefore, it suffices to compare the revenues under these two candidate prices. We have

H((1—=BL)(BPp+v))=(1—-BL)(BLPs+v)Ny,
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(1= Bu)(BuPr+v)) =1~ Bu)(BuPp+v)(Ng + Ng).

Their difference is equivalent to

(1= B.)(BrPp+v)) —IL((1 = Bu)(BuPp +v))
= (B — Br)lv+ (Bu + B — 1) Pe]Ny — (1 = Bu) (v + BuPs)Nu,

from which we conclude that II((1 — 5.)(8. P +v)) —II((1 — Bu)(BuPs + v)) > 0 if and only if

(Ba—=BL)[v+(Ba+Br—1)Pp]
N = S visn s e

As a result, the optimal advance purchase price will be

v 1)P,
: {(1—ﬁL>(ﬁLPB+u), TNy < b N

_ )
p - v
4 (1 - 5H)(5HPB + U)v if N > — (le)lgHJg(ffﬁJr:ILﬂB)l)PB] Nyp.

Following (A.1), the corresponding optimal revenue will be

(1-BH)(v+By PB)

(1= Bu)(Bu Pa+)(Nia 4 No),  if N > CHGLERCIE BN,

4 {(1 _BL)(BLPB —I—U)NL, if Ny < Br—=BL)v+Ba+Br-1) PB]N

Regular HAS strategy

Lemma A.2 For casual games, if the firm adopts the reqular HAS strategy (that induces low-skilled

players purchase before the attempt but high-skilled players purchase after failing the attempt),
%, if v+ (By—30)Pgp <0

, and the optimal advance
v+ (Ba —6)Pp, ifv+(Bu—36)Pg>0 P

the optimal spot price is p§ = {

purchase price is

(1= Br) (v-+ By Pp — LHCOLIBnPBl ) | if gt (B — 38) Py <0,
Pa =14 (1= B)(v+BrPs), if v+ By —30)Pg >0 and € > 26,
(1= Bo) v+ B, Py — 2=Butbn)Pu] if v+ (By —30)Pg >0 and € < 26.

The corresponding optimal revenue s

HH

p— 2 .
(1— B DR Ny, 4 (1— B1)[v+ B Py — X BmPal N, iy 4 (B — 36)Pg <0,

= (1_/BH)['U+(BH - )PB]NH (1—,BL)(’Z)+BLPB)NL, ZfU+(ﬁH—35)PB ZO and 622(5,
(l_ﬁH)[U"i_(ﬁH_6)PB]NH+(1_/8L)[U+BLPB_%]NL, if v+ (B —38)Pp >0 and € < 20.

Proof of Lemma A.2: We solve the problem backwards. The firm first determines the price pg to

maximize its revenue in the spot market where only high-skill players will make purchases. We
denote the firm’s spot market revenue as Ilg. The firm’s optimization problem in the spot market

is given by

llf)ng)gﬂs(ps) =psNu(1 = Bu)E[1(v+ anyPs —ps > 0)]
SZ



1229

1230

1231

1232

1233
1234

1235

1236

1237

1238

1243
1244
1245
1246

1247

1248

1249

1258

: Selling Bonus Actions A3

PsNu(1—Bu), if ps <v+(Bu —0)Ps

— Bu+s="5=)

- pS’NH(l_ﬁH)HQ75PB, if v+ (By —0)Pp <ps <v+(Bu+9)Pp
0 if ps >v+ (B +6)Ps.

Clearly, IIs(ps) is continuous. When ps < v+ (8g — ) Pp, IIs(ps) increases in ps. When v+ (8 —
8)Pp <ps <v+ (Bu +0)Ps, ls(ps) is a concave quadratic function of ps. We have

<ﬂH+6"§;”>>
d (psNu(1— ) 22t ra)
dlLs(ps) _ <ps #(1=Bn) = Ny (1= gy B 0P =205

dpS dpS 25PB

In particular, at ps = v+ (8 + 0) Pg, we obtain %|pszv+(ﬂH+5)PB =—Ny(1- BH)% <0.

At ps =v+ (Bg — 0) P, we obtain %’ps:v+(ﬁH—6)PB =—Ng(1- ﬂH)% which can be
positive or negative.

If v+ (Bg — 36)Pp > 0, implying %|pszv+(BH_§)PB <0, we can conclude that Ilg(ps) increases
in ps when ps <v+ (Bg —9)Pg, and Ils(ps) decreases in ps when v+ (By —0)Pp < ps <v+ (By +
9)Pg. As a result, the optimal spot price should be p§ =v+ (8g — ) Ps.

If v+ (Bg — 39)Pg <0, implying %bs:w(m{—@% >0, we can conclude that IIg(pg) increases
in ps when ps < v+ (B —9)Pg, and II5(ps) first increases and then decreases in pg when v+ (Sy —
0)Pp <ps <v+ (Byg+9)Ps. As a result, the optimal spot price should be the unique solution of
the first-order condition dncfi(“) =0. That is, pt = %.

Ps
Given the optimal spot price p§, the firm determines p4 to maximize its revenue from low-skill

players in the advance sales market. We denote the firm’s revenue in the advance sales market as

II4. Thus, the optimization problem is given by

max a(pa) =palNL
st. pa<(1-=p8p){v+pBrPs—E[(v+arPs—ps)T]}
pa>(1—Bu){v+BuPp—E[(v+auPp —P§)+]}-

Following Lemma 2, since we assume (; > (1 — Bg) — 7> there must exist p, satisfying (1-—
Bu){v + BuPp — El(v + agPs — pg)*] <pa < (1 = Bu){v + BLPs — E[(v + arPs — p5)*]}. To
maximize its revenue, the firm should set p4 as high as possible. Therefore, the optimal advance
purchase price should be ps = (1 — ){v+ S.Ps — E[(v + arPp — p%)*]. More specifically, given
pg:{“(ﬂHWE if v+ (By — 38) Py <0

2 )

ble to deri
v+(ﬁH_5)PB, if’l)—i—(ﬂH_gé‘)PBzoywearea e 1O derive

pa=1—B){v+BLPp —E[(v+a,Ps—ps)T]
(1—5L) (U + BLPp — [H(zﬁng;gH)PB]Q) , if v+ (Br —36)Ps <0,
=94 (1 =BL)(v+BLPs), if v+ (By —38)Pp >0 and By — 1, > 20,
(1— Bo) v+ By Pp — E=BiPulPn] if v+ (B — 38)Pg >0 and By — A1, < 26.
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Finally, the corresponding optimal revenue is

" = py N + psNu (1 = Bu)E[1(v + ay Ps — p§ > 0)].

PSS strategy

Lemma A.3 For casual games, if the firm commits to selling bonus actions only after the attempts

fails, the optimal spot price is

v+ (B —

0)Pg,

v+ (By —
(-

—BH) + v+(BL+6)Pp

2 I

) Pg,

Ba)Ng[v+(By+)Pl+(1—Br )N [v+(BL+6) Pp]

if Ng <riNyp,

Z'f’l“lNL<NHS7"2NL
ifTQNL<NH<T3NL

2[(1-By)Nyg+(1-BL)NL]

» if Ny 213Ny,

where the three thresholds ry, o, and r3 are defined in Table 3. The corresponding optimal revenue

18

2(1-Bg)ONg Pp+(1-BL)N

[v+(Br = 6) Pp][Nu (1 — Bu) + Nr(1 - B1)],

L(U+(ﬁL+5)PB)]2

8(1-BL)dNL Pp

if Ny <riNp

if riNp < Ny <roNp

HS: {’U—i—(ﬂH— )PB]NH(I—ﬁH), ifT'QNLSNH<T'3NL and622(5
[’U + (/BH — 5)PBHNH(1 — ﬁH) +NL(1 — BL)%L&_M] ZfT'QNL < Ny <r3Np and e < 25,
{Ng (1=B)v+(Ba+6) PRI+ Nr (1-BL)[v+(BL+6) Pp]}> '
- - 85PB1[LINH(1135H)‘€NL(1I;5L)] 3 5 if Ng 275Ny
Suppose € = By — B, < 20
Lt T2 3
If v+ (268 —Pr—30)Pg <0 0 0 0
If v+ (BH - 35)PB 0 <1—/3L ) [v+(28g —BL —39) Pp] (1—/3L ) [v+(28g —BL —39) Pp]
<0<v+(28g —Br—30)Px 1-Bm 20Pp 1-Bp (30—BH)Pp—v
Ifv+ (/BL - 36)PB 0 ( 1-Br ) [v+(285 —Br, —39) Pp] 00
§O<’U+(,BH —36)Pg 1-By 20Pp
1-8 v+ (B, —36) P, 1-8 [v+(2B8g —B1,—38) PR
IfO<’U+(,8L—3(5)PB (1_[315) QL(SPB £ (1_[32) H25P; 5 >
Suppose € = By — B, > 20
1 T2 T3
If v+ (BL - 35)PB >0, ( 1-8r ) [v+(BL—9) PB] < 1-Br > [v+(BL—6) Pp] 00
and (v+(BL—96)Pp] [v+(BL—36)Pp| 1-8p ) (Bu—BL)Ps 1-Br ) (Bu—BL)PsB
Bag—Br)Pp — 26Pp
If v+ (BL - 36)PB >0, 1-8p \ [v+(BL—39)Pp] 1-B81 \ 4
and [v+(BL—8)Pp] - [v+(BL—30)Pp] 1-8y 25Pp 18y ) % 0
(Bg—BL)Pp 20Pp
If v+ (B, — 36) Py <0, 0 (;:g;);i 0
Table 3 Thresholds 71, r2, and r3 for the determining the optimal spot price for hardcore games

Proof of Lemma A.3: When the firm commits to selling bonus actions only in the spot market, its

optimization problem is given

max I{ps)

by

=ps{Nu(1 - Bu)E[l(v+ayPs—ps>0)]+Np(1—-5)E[L(v+arPs—ps>0)]}.
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Since we assume «; follows a uniform distribution U|[B3; — 6, 5; + 9] for i = H,L and 51 < Bu,
the firm’s revenue II(ps) will be a piece-wise continuous function. We consider two scenarios: (I)
Suppose By — 81, < 20, which is equivalent to Sz — 0 < 8 + . Then the support of ay has overlap
with that of ag; (II) Suppose By — fr > 29, which is equivalent to Sy — d > B + 6. Then, the
support of ay does not overlap with that of a;.

We start with Scenario (I). We explicitly express the firm’s revenue II(ps) to be

(ps) = ps{Nu(1 = Bu)E[L(v+ oy Pp —ps > 0)] + Np(1— BL)E[L(v+ a, Pp — ps > 0)]}
Ps{Nu(1—Bu)+Np(1—-5L)}, if ps <v+(BL—6)Pp
ps{Nu(1— Bu) + No(1— B) 2 F50) i ot (8, — 8)Pp < ps <o+ (Bu — 8) P

) oV (1 — ) )
+NL(1—5L)%}, if vt (B — 6)Py <ps <v+ (8L +6)Py
ps Ny (1 — ) 220 ) if 0+ (B + )Py < ps < v+ (B +0) P
L0, if ps > v+ (By +0)Pp.

(A.2)
It is straightforward to see that the first piece of II(ps) when ps < v+ (8, — J)Pp is a linear
increasing function of pg, while the rest three pieces when v+ (87 — 0)Pg <ps <v+ (Bg +9)Ps
are concave quadratic functions of of pg.

To determine the monotonicity of II(pg), we would like to investigate its first-order derivative

dllg (p2+)

at the kink points. Because II(pg) may not be smooth, we denote o

when pg approaches to p% from the right, and ¢)

to p% from the left. We have
dlTs(fv+ (8L —6)Pp]—)

as the right derivative

as the left derivative when pg approaches

=Ny(1—Bu)+ N (1-p51),

dps
dTs([v + (5;5— 9)Ppl+) = Nu(1— By) = Ny(1— i) (62%]—355)1337
st([er(ggs—é)PB] ) N (1= By) = N (1= B1)" v+ (%2}1@2 —35)P37
st([v+(§gs—5)PB]+) Ny _ﬁH)er (6;5;336)PB _Na _BL)v—i— (2ﬁH2—M€; —3(5)PB7
dITs([v + (5;S+ 6)Psl—) _ N (1= ) (26L24g]i3— Bu) Py N1t (g;;j)PB,
dlls([v + (gg:r 0)Ppl+) _ N (1= ) (2BL2J(§]§B Bu)Pp 7
dlls([v + (ng 8)Ps]-) _ N )" + (g,g]:;é)PB |

We make several observations. First, s(+BL=0Pr]Z) > ( meaning that II(ps) increases in

dps

ps when pg < v+ (8 — 0)Pp. Second, Scenario (I) assumes Sy — B < 20, we obtain (281 +
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§—By) = (B —08) + (B + 26 — By) > 0. Therefore, dHS([UﬁL(BHJF‘s)PB]*) <0, dlls ([v+(BL+0) Pplt) 0,

dps
and dHS([”Jr(gI’;SH)PB < 0, which implies that II(ps) decreases in ps when v+ (8L +0)Pp < ps <

v+ (Bu +9)Pp. Furthermore, we have dHS([UJ”(g;S_‘S)PBH) > dHS([vHﬁg&_é)PB]_) > dHS([”Jr(gZ_‘S)PBH).

When v+ (8, —6)Pg < ps < v+ (B + ) Pp, there are four possible cases:

" (I-a): Suppose v+ (B, —30)Pp <v+ (By —30)Pp <v+ (26y — r —30)Pg <0.

We obtain st([er(g;;(S)PBH) >0, st([er(g;i OPp]H) - 0, and st([UJr(ggg OPplt) < (. Thus,

we conclude that II(pg) increases in pg when pg < v+ (8y — ) Pg, it first increases and then
decreases in pg when v + (8 — §)Pg < ps < v+ (8L + 9)Pg, and it decreases in pg when
v+ (BL+0)Pp <ps <v+(Bu+0)Pp. As a result, the optimal spot price should be the unique
solution of the first-order condition when v + (8y — §)Ps < ps < v + (B + §)Pg, which is
equivalent to

dI(ps) _
dps

+(5H+5)PB_2])S v
26 Py Ne(1=51)

[v+(By+d)Ppl+(1— ﬁL)[v+(5L+5)PB]
2[(1-By)Nyg+(1—-BL)NL]

+ (ﬂL +5)PB — 2p5
26 Py

Ny (1= By) > _0.

And we solve pf = 1=

" (I-b): Suppose v+ (8 —30)Pg <v+ (By —30)Pp <0<v+ (28 — B —39)Pp.

We obtain dHS([”Jr(ngS DPeIH) 0. However, dns“”“gi DPEID) and dHS([”Hg;’s DPEIY) (satis-

fying s( [”Hi’fs DPplD) dHS([”Hi’f;‘s)PBH)) can be positive or negative.

. 1-B [v+(285 —Br, —39) Pp]
(I-b-1): Suppose Ny > Ny, (1 BL) [(BJHﬁH)LPB U]B .

We have dHS(["Hgi DPplD) > dHS([”Jr(gHs DPplH) > 0. Thus, we conclude that II(pg)

increases in pg when pg < v+ (8g — ) Pp, it first increases and then decreases in pg when
v+ (B —0)Pp < ps <v+(Br +9)Ps, and it decreases in pg when v+ (8r +0)Pp < ps <

v+ (B + 9)Pp. As a result, the optimal spot price should be the same as (I-a), that is
ph= — 0B+ (Ba+8)Ppl+(1-fr)[v+(BL+0) Pl
2[1-Ba)Nuy+(1—-BL)NL]

(I-b-2): Suppose Ny < N, (11 gL [v+(2/3H26L;JLB 30)Pp]

We have 0 > dHS([”HZ;IS OFplD) dHS([ngI’f DPBID) - Thus, we conclude that II(ps)

increases in ps when pg <v+ (8 —0)Pg, it first increases and then decreases in pg when
v+ (8L —8)Pp <ps <v+ (By —d)Pp, and it decreases in pg when v+ (8g — §)Pp < ps <
v+ (B + 0)Pp. As a result, the optimal spot price should be the unique solution of the
first-order condition when v+ (8 — )P < ps < v+ (B — ) Pg, which is equivalent to

dl(ps) v+ (8L +0)Pg —2ps
dps 25PB

=Np(1—Br)+ Np(1- L) =0. (A.3)

And we solve P = §Pg ]JVVHS gH)) + v+(BL2+6)PB

_ v 5 — v —Br—34
(I—b—3)2 Suppose Ny, (11 gf, [ +(2ﬁH25ﬁL 36) Pp] < Ny < N; (117515) [ +§§§fﬁj)[‘P537Z;PB].

We have dHS([”Hgfj DPpZ) ~ 0 > dHS([”Hﬁf;‘S)PBH). Thus, we conclude that II(pg)

increases in pg when ps <v+ (8g — 0)Pg, and it decreases in pg when v+ (By — ) Pp <

ps < v+ (By+0)Pg. As a result, the optimal spot price should be p§ =v+ (8g — J)Pp.
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c): Suppose v+ (8L —30)Pp <0<v+ (By —30)Pg <v+ (28y — Br — 39) Px.

We obtain dHS([H(SﬁS d)Ppl+) >0 and st([UHgZI)JS 3)Ppl+) < 0. But st([er(fl;{S 9)Ppl-) can be

positive or negative.

(I-c-1): Suppose Ny > N, (1_5L) [0+(28a—BL=3%)Pp]

1-8 25 Pp

We have s+ = OPpI=) > (). Thus, we conclude that II(ps) increases in pg when

ps < v+ (Buy —9)Pg, and it decreases in pg when v+ (g —0)Pg <ps <v+ (B +0)Pp.
As a result, the optimal spot price should be p§ =v+ (8g — ) Px.

(I—C—Q)Z Suppose Ny < Ny, (1—§L> [1)+(25H26iLB 36)PB]

We have dnsq”“gfj DPplD) < (. Thus, we conclude that II(ps) increases in pg when

ps < v+ (B —9)Ppg, it first increases and then decreases in ps when v+ (8, — ) Pp < ps <
v+ (Bg — 0)Pg, and it decreases in pg when v+ (B —0)Pg < ps <v+ (By +0)Pp. As
a result, the optimal spot price should be the unique solution of the first-order condition

(AS), that is pg :5PB J]V\/'Hg ZH) + v+(5L2+5)pB

-d): Suppose 0 < v+ (8, —30)Pp <v+ (fy —30)Ps <v+ (28 — B — 39) Pp.

We obtain st([U-i-(Z;I 9) Ppl+) < 0. However, st([U-i-(g; OPEI) and dHS([U""(gII;I 5)Ppl-) (satls—

fying dHS([”HngS_‘S)PB]_) > dHS([UHg}’i_‘S)PB]_)) can be positive or negative.
— v é
(I-d-1): Suppose Ny > N, (11 SZ) (4255019005,
We have dHS([”+(d;S DPplD) dns([v+(§§ DPpl2) > 0. Thus, we conclude that II(pg)

increases in pg when ps < v+ (8 — 0)Pp, and it decreases in ps when v+ (g — §)Pp <
ps <v+ (Bg +0)Pg. As a result, the optimal spot price should be p§ =v+ (8g — J)Pp.
(I-d-2): Suppose Ny < Ny, (17&) vt (8L —30)Pp

1-BH 26Pg

We have 0 > dHS([H(S;;‘S)PB] ) > dHS([”“gif‘s)PB]*). Thus, we conclude that II(pg)

increases in ps when pg < v+ (8 — ) Pp, and it decreases in ps when v+ (B, — )Py <
ps < v+ (Bg+0)Pg. As a result, the optimal spot price should be p§ =v+ (8 —0)Ps.
(I-d-3): Suppose N, <1fﬂL) vt(BL—=30)Pp Ny < <1fﬁL> [v+(28u —BL—30)PR]

1-8y 26Pp 1-BH 26Pp
We have dns([v+(gis DPEIZ) > 0 > dHS([H(gg;é)PB] . Thus, we conclude that II(ps)

increases in ps when pg < v+ (8 — ) Pp, it first increases and then decreases in ps when
v+ (B — )P <ps <v+ (Bg —0)Pp, and it decreases in ps when v+ (g —0)Pg < ps <
v+ (B +0)Pp. As a result, the optimal spot price should be the unique solution of the

first-order condition (A.3), that is p§ =0Pg JXTFLI L= gf)) i v+(ﬁL2+5)PB.

Finally, in Scenario (I) with Sy — 81 < 26, we define r; =1y =r3 =0 if v+ (8 — 30)Pp <
v+ (Bg —38)Pg <v+(28y — fr —30)Pg < 0. We define r, =0, ry = <1_BL ) [”HQBH*[&L*B‘S)PB], and

1-8 26Pp

ry = (1—ﬂL> [+ (20 —BL=39Ps] 3f 4 4 (B, —36) Py < v+ (By —30)Pp < 0 < v+ (285 — B1 —36) Pp. We

1-Bm (36—By)Pp—v
define r; =0, ry = <1 BL) [v+201—BL=30)PB] and ry = 00 if v+ (BL—30)Ps <0< v+ (Bg—30)Ps <

1-Bn 26Pg
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1373 v+ (2B — B — 39)Pg. We define r; = (1_BL> viBL=30)Pp ) — (1_5L> [0+ —BL=39)Pp] = and

1fﬂH 26PB 1fﬁH Z(SPB

1374 r3=o00if 0<v+ (8L —30)Pg <v+ (By—30)Psg <v+ (28y — fr — 39)Pp.

1375 From the above analysis, we conclude that the optimal spot price pg will be
’U+(,BL— )PB, ifNHST’lNL

Ny(1-BH) U+(5L+5)PB :

1376 pg: 5PB N (1-41) + B} lf TlNL<NHST2NL
U+(,BH— )PB, lf’I"QNL<NH<T'3NL
(A—Bp)Ng[v+(Bu+0)Ppl+(1—BL)Np[v+(BL+8)PB] .

1377 2[(1—Bm)Ng+(—BL)NL] » M Ny 275N

1378 A

1379 Next, we consider Scenario (II). We explicitly express the firm’s revenue II(pg) to be

1380 H(pg):pS{NH( —ﬂHﬂE[ (U+OZHPB—p5ZO)]+NL(1—,8L)E[]1(U+O£LPB—]?SZO)]}

Ps{Nu(1—Bu)+Np(1—-5L)}, if ps <v+ (B —9)Ps
(Br+6—25=2) .
Ps{Nu(1—Bu)+Np(1— 6L)L7(;B}a if v+ (BL—6)Pp<ps<v+(BL+6)Pp
1381 =< psNu(1—Bu), if v+ (B4 6)Pp <ps <v+(By—0)Pp
(Br+5-25-7) .
pSNH(l_BH)Hiy if v+ (Bu—9)Pp <ps<v+(Bu+06)Ps
0, if ps > v+ (Bu +9)Ps.
1382 (A-4)
1383 We apply a similar analysis as in Scenario (I). Specifically, we examine the first-order derivative

1384 at the kink points. We have
dlLs([v+ (8L — ) Ppl—)

1385 dp :NH(l_BH)+NL(1_/8L)a
o dlls([v+ (B — 6) Ppl+) v+ (8L — 36) Py
1386 . =Ny(1—pBg)— Np(1 BL) 25 P, ,
dIl =+ +0)P, v+ +46)P
. st ButDPsl) gy vt (Bt 0Py
dps 20Pg
1388 dHS([v+(gL+5)PB]+) :NH(l—BH),
Ps
1389 dHS([er(gH —9)Ps]-) = Ng(1—Bg),
Ds
1390 . =—Ny(1-pn) 25D, )
dlls([v+ (Bu +0)Ppl—) v+ (B +6)Pp
1391 =—Ng(1- _— =
302 dp, w1 Bn) =55,
1393 We make several observations. First, II(pg) increases in ps when pg < v+ (8 — ) Pp and when

1394 v+ (Br + §)Ppps < v+ (Bg — 0)Pp. Second, Scenario (II) assumes Sy — 5 > 2§ and we also

1395 assume [3; > 0, we obtain 8y > 81 + 26 > 30. Hence, dHS([”J”(gi_&)PBH) < 0, implying that II(pg)
1396 decreases in ps when v+ (8y —0) P < ps < v+ (By +9)Pp. In addition, we have dns“”“’l OPpIE)
dllg ([v+(BL+6)Pp|—)
dps :

1398 When v+ (8, —0)Pg < ps <v+ (B + 9)Pg, there are two possible cases:

1397
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1399(I-a): Suppose v+ (S, — 30)Pp <O0.

1400
1401

1402

1405
1406
1407
1408
1409

1410

(II-a-2):

We obtain dHS([H(gL*‘S)PBH) > 0. But WstGLEIPEIZ) can be positive or negative.

(Il-a-1):

Ps dps
Suppose Ny > Ny, (i*gL [U+(§§;§)PB]
We have dHS([“(ngfé)PB] ) > 0. Thus, we conclude that II(pg) increases in ps when

ps < v+ (B —9)Pg, and it decreases in ps when v+ (g —0)Pg <ps <v+ (B +0)Pp.
As a result, the optimal spot price should be p§ =v+ (8y +0)Ps.

Suppose Ny < Ny, (11:[[33;) [v+(§§;§)PB]
We have dHS([vﬂgj:ré)PB]* < 0. Thus, we conclude that II(pg) increases in ps when

ps < v+ (B —d)Pg, it first increases and then decreases in pg when v + (8, — §)Pg <
ps < v+ (B + 0)Pp, then it increases in pg when v+ (8, +90)Pg < ps < v+ (By — )P,
and it decreases in pg when v+ (8g — ) Pp <ps <v+ (Bu +0)Pg. As we can see, II(ps)

has two peaks at pg = 0 Pg 1]\[\]’28 BH) + ”JF(BL% PE and ps =v+ (By —0)Pp

We compare the firm’s revenues at these two peaks which are equal to

IL(v+ (B — 0)Pp) =[v+ (Bu — 6) Pp]Nu (1 - Br),

I <5PB u(1—Bu) i v+ (5L+5)PB> _ [2(1 = Br)d Ny P+ (1 _5L)NL(1+(5L+5)PB)]2_
Np(1-p5) 2 8(1—pBL)0NLPp

In particular, we investigate the ratio of the above revenues which can be simplified to be

Ng(1-8 ) v+(B81+9) P,
<5P NH(1 H) L2 B)

T(u-+ (50 —5)F0) (45)
0Pgp <NH<1_/BH)> [v+ (8L +9)Ps] [v+ (8L +0)Ps]? (NL(l_/BL)> '

2[v+(Bu —0)Pp] \ Np.(1-5¢) 2[v+(By —0)Pg]  80Pp[v+ (Bu —6)Ps] \ Nu(l—Bu)
One can view (A.5) as a function of <W) It can be easily verify that the ratio
(A.5) decreases in (711\[\’2121:25))) when (1;7\[1{8 gf;) < [”+(BL+5)PB] When (7%8_22’;) =
%, we have (A.5) = % < 1. Therefore, there exists a unique solution &
satisfying 0 < z < %J?Pm and
0Pp ., [+ (BL+0)Ps] [v+ (B +6)Pp]?

=1.

1
20+ (B —0)Pp" | 2[v+ (Bu—0)Ps] | 80Ps[v+ (B —0)Pp) &
We solve out

. [v+(28u — BL—30)Ps] — 21/(Bu — B — 26) Pplv+ (Bu — 0)Ps]
v 2Py

Finally, when Ny < NL<11:,§}LI)§;, we have H<5P JJVVZS gf)+u+ BL+5)PB) >

II(v+ (By —0)Pp). As a result, the optimal spot price will be p§ = 5PB% +
v+(B8r+9)Pp
> )

1-B8y 1-B8y 20Pp

<6P ]]VVHS BH) + U+(BL;5)PB + (B — &) Pp). As a result, the optimal spot price

will be p = + (B — 6)Ps.

But when NL(1 ﬁL)i < Np < NL(lfﬁL) [”+(BL+6)PB], we have
) <
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1434(I1-b): Suppose v+ (S, — 30)Pp > 0.

1435 Then dHS([”“g}f*é)PBH) and dHS([”Hg;M)PB]*) can be positive or negative.
1436 (II-b-1): Suppose Ny > Ny, (11_§L) [v+(§§;;)PB]
1437 We have dHS([”HZE DPpIE) dHS([”Hﬁ;H)PB] > 0. The result will be the same as (II-
1438 a-1).
— v 35 — v §
1439 (II-b-2): Suppose Ny, <11 S;LI) [ +(ﬁ2L6P3 Py < Ny < N, (11_52) [ +(B2L§J; )Pp]
1440 We have dHS([”’L(ﬂIf DPEIY) > 0> dHS([”Hﬁ;:”S)PB]_) Similarly as (II-a-2), II(pg) has two
1441 peaks at pg = dPp J]VV}LI 1 gH)) + v+(ﬂL2+5 P58 and pg = v+ (By — 0) Pg. We need to investigate
1442 the ratio of their corresponding revenues (A.5).
1443 Previously, we have shown that (A.5) decreases in (%) when (%) <
14 [v+(BL+9) PE] Ng(1=Pp) 5 .
1444 #. Furthermore, when <M) < Z, we have (A.5) > 1; and when
1445 (%)>i we have (A.5) < 1.
1446 What is left-over is to compare & with %P?"S)Pm We are able to show that & <
AN [v+(BL—38)P [v+(Br,—6)Pg] [v+(B8r,—368)Pg]
1447 W if and only if G _LﬁL)PBB < 2%133 =
) . w+(BL=9)Pp]  [v+(BL=35)Pp]
1448 (I1-b-2.1): Suppose (ﬁHfBL)PLf < 2L6PB 5
1449 In this case, whenever Ny, (11752) [UHB?LE;:S)PB]} < Ny <
1450 Ny, (117;;;) [”JF(BZLQ&PB], it implies Ny > Np (1 g}LI):ﬁ Hence, we always have
1451 Ilg <5PB Np( 1 gf)) I v+(ﬁL2+5)PB) < s (v+ (Bg —9)Pg). As a result, the optimal
1452 spot price should be p% =v+ (g — ) Ps.
= . [v+(BL. =) Pp] ~, [v(6r—38)Pp]
1453 (II-b-2.2): Suppose “7 LS5l > 5Py
1454 In this case, when N <11_§}LI) [H(ﬁQL(;;Z&)PB]} < Ng < Ng (11:52)@7 we have
1455 IIg (5PB J]\I\,}L"g:gf)) + ”+(ﬂL;5)PB) > Hg(v+(Bu—0)Pg). The optimal spot
1456 price should be pj = dPNEUDL) 4 “HOLEPS  Bup when Ny (12 )d <
A 1-B [v+(Bp+6) PB] Nug(1—-Bu) | v+(Br+d)P
1457 Ny < Np (302 ) BH0Pel e have TIg (0PpRH=0m 4 nHCLENPR ) <
1458 IIs (v+ (By — ) Pg). The optimal spot price should be pt =v+ (Sy — ) Pp
1459 (II-b-3): Suppose Ny < N, (1 gir) [H(ﬁ?%PZé)PB]
1460 We have 0 > dHS([DHﬁIf DPpIH) dHS([”Hng:‘S)PB . Thus, we conclude that II(ps)
1461 increases in pg when pg < v+ (S — ) Pg, it decreases in pg when v+ (8 — ) Pg < ps <
1462 v+ (B +d)Pp, then it increases in pg when v+ (8 +0) P < ps <v+ (8g — ) Pg, and it
1463 decreases in ps when v+ (Bg — 6)Pg <ps <v+ (Bu +0)Pp. Hence, II(ps) has two peaks
1464 at ps =v+ (B — 8)Pp and ps =v + (By — §) Pp.
1465 We compare the firm’s revenues at these two peaks which are equal to
1466 Il (v+ (8L —0)Pp) = [v+ (BL — 6) Psl{Nu (1 — Bu) + Np(1 - Br)},

1467 I (v+ (B —0)Ps)=[v+ (Bu — 6)Pg]Nu(1 - Bu).
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It is easy to see that II(v + (B, — 0)Pg) > II(v + (By — 0)Pp) if and only if
Ny < NL(I_ﬁL> [+ (BL=0)Pp] However, we need to compare the two thresholds

1-8p ) (Bu—BL)PB
N (11:52) [?Z,(ff[?f))ﬁf and N 11:52 [”HBQL(S;Z‘;)PB]. It turns out that 7[12212@/;5)55] may
be greater or less than [ (B —39) Pp] QL(S;Z‘S)PB].
(I1-b-3.1) Suppose [z;é@ﬁ;i);}’;} > +(8 QL(S;Z&)PB].
In this case, whenever Ny < Nj <11:§§> [“+(52L6;25)PB], it implies that Ny <
Ny (11:52) [ggfﬁjg. Hence, we always have II(v + (8, — 0)Pg) > (v + (Bu —
0)Pg). As a result, the optimal spot price should be p§ =v+ (8 — ) Ps.
(II-b-3.2) Suppose [zgéﬁfég))ﬁg} < [”JF(BQLS;Z‘”PB].
In this case, when Ny < N (11:52) [gf—%ﬁg’ we have II(v + (B — §)Pg) >

II(v+ (By — 0) Pg). The optimal spot price should be p§ =v+ (8 —0)Pg. But when
N (1) Bt < 4, v, (8 ) B, webve o (5, -9)Ps) <
II(v+ (Bg — 0)Pg). The optimal spot price should be p§ =v+ (g —9)Ps.

Finally, in Scenario (II) with Sy — 8 > 20, we define ry =ry = (1_BL> Wt BL—0)Ps] i 4 4 (B, —

1-Bu ) (Bu—BL)PB
36)Pp >0 and [z;éﬁf/;f))gg] < [U‘*‘(%S;?)PB], We define r; = (i:gg) [v+(ﬁ2€5;zé)PB] and 7o = <11:BB}LI z
; [v+(BL—9) Pp] [v+(8L,—38) PB] — — (1=BL )\ 4 ;
if v+ (8, —30)Pg >0 and GrayPe > 255, - We define r; =0 and 7, = (I_Bg)x if

v+ (B, — 30) Pz < 0. We define 73 = co.

From the analysis above, we conclude that the optimal spot price pg will be

U"i'(ﬁL_(S)PB, ifNnglNL
P = OPp REEG=Em) o e BLENEs - if 1y Ny < Ny <7, N
U—i-(ﬁH—(S)PB, ingNLSNH<7'3NL.

|
Lastly, the firm’s optimal revenue follows from (A.2) and (A.4). &

Appendix B: Derivation of the four selling strategies for hardcore games
We consider hardcore games for which Sy, is relatively low. Specifically, we assume 7, < (1 — 8y) —
%. Below, we characterize the optimal prices and revenue under the four selling strategies (pure
advance, pure spot, regular hybrid, and reverse hybrid). Without causing confusions, we denote
the optimal revenues under each selling strategy as 114, IT°, II* | and II"# respectively. We denote

the optimal prices as p’ and p§ without specifying the selling strategies. Recall that e = 8y — (..

PSS strategy

Notice that in the proof of Lemma A.3, the assumption 8y > (1 — ) — % does not, play a role
at all. In other words, whether (3, is greater or less than (1 — 8g) — % does not have an impact
on a pure spot strategy. Therefore, the optimal spot price and revenue II° will be the same as
Lemma A.3. B
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Regular HAS strategy

Lemma A.4 For hardcore games, the optimal reqular HAS strategy ezists (i.e., there exist p4 and
ps satisfying (5)-(7)) if and only if one of the following conditions holds:

(1): v+ (B —36)Ps >0, By —Br>2d, and (1 —By)[v+ (Bg — )Pl < (1 —Br)(v+ BrPg);

(2): v+ (Bg —30)Pg >0, By — Br <26, and (1 — By)[v+ (Bu — 9)Ps] < (1 — Br)[v+ BLPs —

(20—Br+8L)*Pp ] .
45 7

(3) v+ (BH - 35)PB < 0, and (1 — BH)[”U + 5HPB — %] < (1 - ,BL)[’U + 6LPB —

[v+<2ﬁrﬁH+6>P312]
165 P :

Suppose one of the three conditions hold and the optimal reqular HAS strategy exists. The optimal

o _{WH;“PB if v+ (B — 36)Pg <0
spot price 18 pg =

, and the optimal advance purchase
v+ (B — 6)Ps, if v+ (B —36)Ps>0 b b

price s

2
(1-8) (v + By Py — Ut CELtO=bu)Pel ) . if v+ (By —30) Py <0,
Pa=1 (1—p5)(v+ BLPs), if v+ (Bg —39)Pg >0 and € > 24,
(1_5L)[U+/8LPB_W], if v+ (Bg —39)Pg >0 and € < 24.

The corresponding optimal revenue is

HH

v 2 v — 2 .
(1- /BH)WNH +(1=BL)[v+BrPs -1 +(2BL1Jg§P£H)PB] |Np, ifv+(Bg—30)Pg <0,

= (1—,8H)[U+(ﬁH—(S)PB]NH+(1—,BL)(’U—FﬁLPB)NL, , Zf’U—f-(,BH—?)(S)PBZO andez%,
(1= Bu)[v+ (Ba — 8) PNy + (1 — Br)[v+ B Pg — LB TBIN, - if o+ (By — 38)Pp >0 and e < 2.

Proof of Lemma A.4: The proof for the optimal spot price p% is the same as Lemma A.2. But when

Br<(1—PBu)— 7. there may not exist any p, satisfying the IC constraints (1—Bu){v+BuPs—
E[(v+apPs —p5) ] <pa < (1= Bu){v+BLPs —E[(v+arPs —ps) "]}
Suppose v+ (Bg —30)Pg > 0. Then the optimal spot price is p§ =v+ (8g — 0)Pg. We have

(1= Bu) {v+BuPp—E[(v+ayPs —ps)*]} = (1 - Bu)[v+ (Bu — 6)Psl,

(1_BL>(U+BL}B)> if By — B > 296,
-8 8, Pn— T P.— )T\ = )
(1 L) {U LtB KU QLB pS) ]} {(1 ﬂL)[U BLP (QéfﬁHZgBL) PB], if By — Br < 26.

Suppose v + (Bg — 39)Pp < 0. Then the optimal spot price is p§ = %. In addition, we
have v+ (B —0)Pp <v+ (By —0)Pp < % <v+ (B +0)Pg <v+(Bg+0)Pg. Thus,
[v+ (Bu + 9) Pg)”
160 Py ’

v+ (26,46 — BH)PB]Q]
166 Py '

(1_BH) {”+5HPB —E[(U+OCHPB_Z)§)+]} = (1_/3H)[U+BHPB_

(1—=B1){v+BrPs —E[(v+arPp —pe)*]} = (1—BL)[v+ BrPs —

For the existence of the optimal regular HAS strategy, equivalently the existence of p4 satisfying

(1=Bu){v+PuPp—E[(v+agPs—pi)t]| <pa < (1—=0p){v+LLPs—E[(v+arLPp—ps)*T]}, we have
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to require (1 — By ){v+ BuPp —E[(v+ayPp—p5) "] <(1—Br){v+ BLPs—E[(v+arPs—ps)T]}.
Specifically, (1—By)[v+ (By —0)Pg] < (1— 1) (v+ B Pp) when v+ (8g —30)Pg >0 and By — [, >
20; or (1—Bu)[v+ (By—90)Psl < (1—pL)[v+pLPs— %] when v+ (8g —39)Pp > 0 and
Bu— B < 265 ot (L= Bu)[v+ Bu Py — WECHEIEEL ) < (1 )y + B, Py — HCButIPRR | e
v+ (By —39)Pp < 0.

Finally, if there exists a feasible p, satisfying the IC constraints, then the optimal advance

purchase price should be p% = (1 — 81) {v+ . Ps — E[(v+ arPp —p%)T|} which is the same as

Lemma A.2. And the corresponding optimal revenue will be the same as Lemma A.2 as well. B

PAS strategy

Lemma A.5 For hardcore games, if the firm commits to selling bonus actions only before the

attempt, the optimal advance purchase price is

_ ; (1-Br)(v+B1PB)

P = {(1 Br)(v+BLPp), if Ny < Br— (BlL)}i(l)(Bfﬂ ﬂJ%)PB U]N
o . —BL)(wv+BLPp)

(1= Bu)(v+BuPs), if Nu> =g s, syps a1 Ve

The corresponding optimal revenue s

; (1-BL)(v+BL PB)
4 = {(1 N (ﬁHfﬁL)[(Ll*BH*LQSPB*U] Ni

. (1=BL)(v+BLPB)
(1= Bu)(v+ BuPp)Nu, U Nu > G —pa—p0)Ps—i]

Proof of Lemma A.5:

Recall that when the firm commits to selling bonus actions only before the attempt, a type i
player will purchase bonus actions in the advance sales market if and only if ps < (1 —3;)(8; P +
v). For hardcore games, we assume [ < (1 — Bg) — B> resulting in (1-06)(BrPs+v)<(1—
Br)(BuPs +v). As a result, the firm’s optimization problem is given by

pa(Nu+Np), if pa <(1—B1)(BLPs+v),
ZI};&XH@A) palNu, if (1—pL)(BPp+v)<pa<(l-PBu)(BuPs+v), (A.6)
- 0, if pa>(1—03y)(BuPs+v).
As we can see, the optimal price p is either (1 — 51)(8.Pg+v) or (1 —Bg)(BePp+v), depending
on whichever leads to a higher revenue. We compare the revenues under these two candidate prices.

We have

(1= B)(BrPp+v))=(1=B)(BPp+v)(Nu + Ni),
(1= Bu)(BaPrs+v))=(1-Bu)(BuPp+v)Nu.

Their difference is equivalent to

(1 = BL)(BrPp +v)) =IL((1 = Bu)(Bu Pp +v))
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=(1=BL)(BLPp+v)Nr — (Ba — Bo)[(1 = B — Br) P — v| N

Notice that fr < (1 —fg) — % is equivalent to (1 — Sy — B1)Pp —v > 0. We conclude that II((1 —

B1)(BLPp +v)) = TI((1 = Bu) (Bu Ps +v)) > 0 if and only if Ny < —UsoplCiLln,

As a result, the optimal advance purchase price is

_ : (1-Br)(v+BLPB)
. {(1 Br)(v+BrPs), i Nu < G si=s, ) rp = VL

Pa= . 1287)(v4 By P
(1= Bu)(w+BuPs), if Nu> =55 5=

Following (A.6), the corresponding optimal revenue will be

; (1=BL)(v+BL Pp)
14 = {(1 C O PP N, N WH*ﬁL)[(Ll*ﬁH*LﬁL]?PB*U] Ne

_ ; (1-Br)(v+BLPB)
(1 BH)(U+’8HPB)NH’ if Ny > (ﬁH—BL)[(l—ﬁH—ﬁL)PB—U]NL'

Reverse HAS strategy

Lemma A.6 For hardcore games, the optimal reverse HAS strateqy exists (i.e. there exist ps and

pa satisfying (8)-(10)) if and only if (1) B < (1—Br) — 5= and (2) B <36 — 5= and one of the

following conditions holds:

(3.1) v+ 2By — Br —35)Pg >0 and (1 — ;) |:v+/BLPB _ [U+(BL+5)PB]2:| <(1— Ba) [U+(BL2+5)PB}'

160 Pp
Or,

2
(32) v+ (y — By — 36)Ps < 0 and (1 — fy) [0+ frPs— BHEEL] < (1 -
Br) [U+5HP Lo 251{1655;6)1)]3] ]

Suppose the conditions hold and the optimal reverse HAS strateqy exists. The optimal spot price

18 s = %, and the optimal advance purchase price is
(1 By O] if v+ (261 — B —36)Pp >0,
Pa= v _ 2 )
(=Bl + Br Pe) — FEEPEAANEEL] - if v+ (284 — B1 — 30)Pp < 0.

The corresponding optimal revenue is

Ny(1-By) U+(ﬂL+5)PB] + N, a- ﬂL)[v+(ﬁL+5)PB]2 if v+ (28 — B, —36) P >0,

85Pg

HRH
Ny(1-By) [U+BHP L)l ] + N, U= ﬁL””;;(ﬁ;”)PB] . if v+ (2Bu — B —30)Pg <0,

Proof of Lemma A.6:

First of all, Lemma 2 implies that for the existence of the optimal reverse HAS strategy, we must
require v + (Bg + B — 1) P < 0.

Next, we solve the problem backwards. The firm first determines the price ps to maximize its
revenue in the spot market where only low-skill players will make purchases. Recall that we denote

the firm’s spot market revenue as Ilg. Thus, the firm’s optimization problem is given by

;n%%HS(pS) =psNp(1—BL)E[L(v+ arPs —ps >0)]
S =
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psNp(1—Br), if ps <v+(Br—96)Pp,

_ (Br+6—"3-=) .

= psNL(1— Br) 52—, if v+ (B, —8)Ps <ps <v+ (B +0)Pp,
0, if ps >v+ (8L +9)Ps.

The analysis for the optimal spot price p§ will be the same as Lemma A.2, except that we change
the subscript from H to L. We conclude that if v + (8, — 39)Pg > 0, the optimal spot price is
pe=v+ (8L —9)Pg. If v+ (8L —39)Pg <0, the optimal spot price is p§ = %.

Given the optimal spot price p§, the firm determines p4 to maximize its revenue from high-skill
players in the advance sales market. Recall that II4 represents the firm’s revenue in the advance

sales market. Therefore, the firm’s optimization problem is given by

maxIla(pa) =palNg
pa=>0
st pa>(1-=8){v+BLPs —E[(v+arPs—p5)T]}

pa < (1—=Bu){v+ BuPs —E[(v+ anyPs —ps)*]}.

We examine the existence of p4 satisfying (1 — ){v+ B.Pp — E[(v+ arPp —p%) "] <pa < (1-—
Bu){v+ BuPp —E[(v+ayPs —p§)*].
Suppose v+ (8, — 39) P > 0. Then, the optimal spot price is p§ =v + (5, — 0) Pg. We have

(1—5,:) {U—FﬂLPB—E[(U—FCMLPB—p;)JF]} = (1—ﬂL)[U+(BL —5)PB],
(1= Bu) {v+BuPs —E[(v+anPp —p5)*]} = (1 - Bu)[v+ (B, — ) Psl.

We obtain (1 — gr){v+ 8P —E[(v+arPs—pi)t] > (1= Bu){v+ BuPs —E[(v+ agPs —pi)T].
Hence, there cannot exist any p, satisfying the IC constraints (1 — 8){v+ 5. Ps — E[(v+ o Pp —
p5) T <pa <(1—Bu){v+BaPp —E[(v+ayPs—ps)*T]. That is, for the existence of the optimal
reverse HAS strategy, we must also require v + (5, — 30)Pg < 0, equivalently 3, < 36 — %.
Suppose v+ (8, —39) P < 0. Then, the optimal spot price is p§ = %. We have

[v+ (8L + 5)PB]2

(1-5L) {U‘FBLPB—]E[(U"‘OCLPB —PZ)+]} =(1-5L) [U‘i‘ﬁLPB—

166 Py ’
and
(1—Bu){v+BuPp—E[(v+ayPs —ps) "]}
(1 _ ﬁH) [v+(5L2+5)PB]’ if v+(5L2+6)PB <v+ (/BH _ (5)PB,
= _ 2 .
(1= ) [0+ By Py — LHCORPtOBl | i 2Lt 5 4 1 (8 — 5) Py,

For the existence of the optimal reverse HAS strategy, equivalently the existence of p, satis-
fying (1 — Bp){v + BPp — E[(v + arPs — p5)*] <pa < (1 = Bu){v + BuPp — E[(v + auPp —
p5)t], we have to require (1 — Sp){v + BrPs — E[(v + arPs — p%)*T] < (1 — Bu){v + BuPs —
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1626 B(0-+ o Py — pg)*). Specifically, (1 1) [v-+ B Py — LHILEIERL] < (1 — ) EHCLENEL yhon

1627 % < v+ (By — 0)Pp (which is also equivalent to v + (28y — L — 30)Pg > 0); or (1 —
2 ) _ 2 v
1628 ,BL) [U—FBLPB - 7[U+(€]6“;;;PB] < (1 — BH) [U + By P — [1+(2ﬁ1€6£§;6)PB} ] when 7+(BL;6)PB >v+

1629 (By —d)Pp (which is also equivalent to v+ (28y — B — 39) P < 0).

1630 Finally, we summarize the conditions needed to ensure the existence of the optimal reverse HAS
v 2
1631 strategy: (1) Bz < (1—Bu)— 53 and (2) B <30— 3= and (3) (1—5L) v+ﬂd%—% <

1632 (1 — B ) LBl when v + (28y — Br — 35)pB >0, or (1—B1)|v+BLPs— % <
1633 (1—By) |v+ By Pp — LH2Bu—BL10)Pp] } when v+ (28 — B —38) Py < 0.

166 P
1634 If there exists a feasible p, satisfying the IC constraints, then the optimal spot price must be
1635 pg = %, and the optimal advance purchase price should be p*% = (1 — By){v + BuPs —

1636 E[(v+ agPp — p%)T]. More specifically, we obtain

1637 % =(1—Bxu) {U+5HPB—E[(U+OzHPB—p’§)+]}
(1= By) gl if v+ (284 — B1, — 35) P >0,

1638 = o '

1639 (1 - ﬁH) [1) + BHPB x Qﬁ}i%ﬂ}g};g)PB} ] ) if v+ (26}1 — BL — 35)PB <0.

1640  The corresponding optimal revenue is equal to

1641 I =p5 Ny 4+ ps N (1 — BL)E[L(v + ap P — pi > 0)]

o Np(1— ) tBexiiPel |y, (= ﬂﬁ[v;(lfémplg]? if v+ (28y — B —30)Pp >0,
Y =

o Nor(L— Bir) [+ B Py — 222 nob 0P| 4 N, QPGP ity 1 (26, — 5, — 36)P5 <0,
1644 W

1645 Appendix C: Technical proofs for the results in the main paper
1646  Proof of Lemma 1

1647 The proof follows the utility functions (U, UM, and u?) and the IC and IR constraints. B

1648 Proof of Lemma 2

1649 We consider the difference U — UN* under a HAS strategy that is equal to

1650 UM —UN ={BiPx+ (1= 5;)(BiPs +v) —pa} — {B:iPx + (1= 8;)E[(; Ps + v —ps)*]}
1653 =(1-8,)(B:Pp +v) — (1 = B;))E[(; Pg +v — ps) "] = pa.

1653 We define AU;(ps) = (1 —5;)(B:Ps +v) — (1 — ;) E[(c; Pp + v — ps)T|. More specifically,

(1-B:)ps if ps <v+(8i—6)Ps
01 AUps) = (1= B[+ fiPp — CHAGERLE) i v (5= 0) Py <ps < v+ (Bi+0) Py
1655 (1—8;)(v+BiPp) if v+ (B;+6)Pp < ps.
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Lemma 1 states that a type ¢ will purchase bonus actions in the advance sales market if and only
if pa <AU;(ps). In the following, we want to prove that AUy (ps) < AU (ps) for all pg if and only
if 8, > (1— Bur) — 2.

First of all, suppose AUp(ps) < AUp(ps) for all ps. Especially when ps > v + (Bg + )P >
v+ (Br + ) Pg, we have
AUL(ps) — AUg(ps) = (1 = Br)(v+ BrPp) — (1 = Bu)(v+ BuPs) = (Bu — Br)[v+ (Bu + B — %)AP?)}
Therefore, AUy (ps) < AUp(ps) implies [v + (By + B — 1)Pg] > 0, which is equivalent to £ >
(1= Bu)— 7=

Next, suppose 5, > (1 — By) — ;—B. We would like to show AUg(ps) < AU (ps) for all pg.
Clearly, when ps < v+ (81, — ) Pg < v+ (By — ) Pg, we obtain AUy (ps) = (1—Bx)ps < AUL(ps) =
(1—Br)ps. Besides, when ps > v+ (85 +9)Pg > v+ (8L 4+ 9) Pg, given that 87 > (1 —By) — %, we
know from (A.7) that AUy (ps) = (1 —Bu)(v+ BuPr) < AUL(ps) = (1 —Br)(v+ BLPg).

The left-over case is when v+ (8, — 0)Pp < ps < v+ (Bg + §)Pg. We examine the difference
AUL(ps) — AUy (ps). It is straightforward to verify that AUr(ps) — AUg(ps) is a continuous

function of pg. Moreover, its first-order derivative is equal to

d(AUL(ps) — AUy (ps))

dps
—(1=Bu) + (1 = By ) HELERTEPS - if o 4 (8, — 6) Pp < psg <min{v + (81 +6) Ps,v+ (B — 8) Py}
) —(1—=8n), if v+ (BL+0)Pp <ps <v+(Bu—9)Ps
) (B — 51:) )+(ﬂH+ﬂ§;§B LPp—ps if v+ (By —90)Pg<ps<v+(6L+6)Pxs
—(1— B ) s if max{v+ (8L, +0)Pp,v+ (By —8)Py} <ps <v+ (Bu +9)Pp.

Note that when Sy — 1, > 20, the case v+ (By — ) Pp < ps < v+ (B +9)Pp cannot happen. When

B — Br, < 26, the case v+ (B + )P < ps < v+ (Bg — §)Pp cannot happen. Thus, the derivative

d(AUL(ps)—AUg (ps))
dpg

The derivative

has only three pieces as pg increases from v+ (8, — ) Pp to v+ (By + 0) Pp.

d(AUL (ps)—AUg (ps))
dps

8)Pg to v+ (B +6) Pp, the derivative 42YL (psd);SAUH (s) js first positive and then becomes negative.

is continuous in pg. Moreover, as pg increases from v + (8 —

It means that the difference AU (ps) — AUy (ps) first increases in pg and then decreases in pg
when v+ (8, — )P <ps <v+ (B +9)Ps.

To sum up, we know that the difference AU (ps) — AUpn(ps) is continuous, first increasing in
ps and then decreasing in pg. In addition, at ps =v + (8 — §)Pp and ps = v+ (By + )P, we
have AUL(ps) — AUg(ps) > 0. Therefore, we can conclude that AU (ps) — AUg(ps) > 0 whenever
v+ (B —0)Pp <ps <v—+(By+0)Pp.

Above, we have proven that AU (ps) — AUy (ps) > 0 for all pg, if and only if 8, > (1—fy) — =
Since Ujt —UNA = AUy (ps) —pa and U —UNA = AU (ps) — pa, we finish the proof of Lemma 2.
|
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1689  Proof of Corollary 1
1690 Under a PAS strategy, U/ — UM = (1 — 3;)(B; P + v) — pa. Corollary 1 comes from Equation
1691 (A.7). B

1692 Proof of Proposition 1

1693  Following Lemma A.2, we have
1604 II7
(1= Bir) PHCHENLRE Ny - (1= By) [0 + B Py — DHCALEPWPBLIN, - if v+ (B — 30) Py <0,
1695 = (1*BH)[U+(5H* ) ]NH (1*BL)(/U+5LPB)NL) 1f7)+(ﬁH*35)P320aHd6226
2

1696 (1= Bu)[v+ (Bu — 8) PNy + (1 — Br)[v+ B Pp — L2 PBIN, - if v+ (B — 36)Pp >0 and € < 20.
1697 For sake of presentation, we denote the three expressions of IT7 as IT#1, IT#2, and IT”3 respectively.
1698 Following Lemma A.3, we have

[v+ (B — ) Ps][Nu(1—Bu)+ Nr(1— )], it Ng <rNp

2

[2(1— BH)5NHIDEBB(T(EL?(SLJ&JLLDJ(;-&-WL%-(S)PB)] if r\N;, < Ny <roN;
16909 0% =< [v+ (B — 6)Ps|Nu (1 — Br), if roN, < Ny <r3Ng and € > 2§

[U‘I— (/BH *(S)PB][NH(l *6H)+NL(]— 7511)%] lf T’QNL SNH <’I"3NL and € << 26,

{Ny (1=Bp)[v+(B+8) P+ Ny (1= ) [v+(8 +6) Pp]}* -
1700 e PR INy BN (B it Ny 273N,

1701 where the thresholds ry, ry, and r3 are given in Table 3. Notice that IT° is a piece-wise function

1702 with at most four pieces. We denote the four pieces of IT° to be IT°! 112, T153! (when € > 24) or

1703 119%2 (when € < 24), and 11%*. Besides, it is straightforward to verify that IT° is continuous in Ng.
1704 We would like to prove IT# > TI° for all Ny and Ny.. To do so, we first make several observations.
1705 (O1) "2 > 11°! for all Ny and Np. Because 112 = (1 — By)[v + (By — §)Pe]Ng + (1 — 81) (v +
00 BuPe)NG and 9 = [u -+ (B, — 8) Py][Nar(1 — Bir) + No(1— Bi)].

1707 (02) TIH2 > 119 for all Ny and Njp. Because I172? = (1 — By)[v + (By — §)Pg]Nu + (1 — BL) (v +
1708 BrPp)Ny and 113! = [v + (B — 6) Pe| Ny (1 — By).

1709 (03) MH > 1193 for all Ny and Np. We have ITH! = (1 — ,BH)%NH +(1—BL)[v+BLPs—
1710 [”+(2BL+§PﬁH Ppl” |N;, and 1193 = [v + (By — §) PNy (1 — By). Both can be viewed as linear
1711 functions of Ny. Clearly, the intercept of II¥! is higher than that of II°%. It suffices to prove
1712 the slope of IT7! is also higher than that of II°3!. We have

1713 1 o) L OPEE (1 ot (- o) = (1 - ) OB 5

1715 (04) A > T15% at Ny =0 if v+ (8 — 36) P < 0. We have Iy, o = N (1 — 81)[v+ BrPs —

2
1716 [7’+(25L1Jg§;£H)PB] ] and I1°2|y, o = N (1 — ﬂﬂ% Therefore, we obtain

o [v+ (8L +6)Ps]?
1717 5P [v+ BLPg

[v+ (28, +0 — 5H)PB]2]
160 Pg
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[v+ (B + 0)Pg)? [v+ (8L 4 0)Pp)?

(3U+35LPB _5PB)(’U+6LPB_36PB)

715 - Pp — =
Lﬁi < 85PB [U+/BL B 165PB ] 16(5PB
1720 If v+ (B —36) Py < 0 and we also have 3v+ 383, Pp — 6P > 0, we finally obtain that 17! > 152
1721 at Ny =0.
1722 (O5) M2 > 1% at Ny =0 if v + (8, — 30)Ps < 0. We have seen that II9%|y,_o = Np(1 —
1723 BL)%. And IT%2|y,,—o = N1 (1 — B1)(v+ B Pg). Then, we have
2 2 2
1794 [’U‘i‘(BL‘i‘(S)PB] —(’U—i—BLPB): (U+,BLPB) 6(5PB("U+6LPB)+((SPB) .
1725 80 Py 80P
1726 Notice that the quadratic function x? — 6xy + 2 is negative when y < x < 3y. Therefore, if
1727 v+ (Br — 30)Pp < 0, equivalently v + 1, Pg < 36 Pg, and we also have v + Py > dPg, we
1728 conclude that IT72 > 152 at Ny =0.
1729 (06) HHSZHSI for all NH and NL if BH_6L<26 We have HH3:(1—ﬂH)[’U+(ﬂH—6)PB]NH+
1730 (1= B1)[o + By Py — BB PRI N and TI5' = [v+ (By, — 6) Py [Nu (1 — Bu) + Ni.(1— BL)],
1731 both of which are linear functions of Ny . Clearly, II® has a higher slope than II°'. Moreover,
1732 the intercept of IT"? satisfies
20 — By + BL)*P - 46 — By +
1733 NL(l—ﬂL)[erBLPB—( BH45 bu) B]:NL(I—ﬂL)[U—l—BLPB—(SPB—i—(ﬁH ﬁL)(M L BL)]
1733 > Np(1=Br)[v+ (8L —9)Psl,
1736 where the inequality holds since By — 1 < 28 < 46. Thus, IT? also has a higher intercept
1737 than IT°'. We conclude that if By — B < 26, I3 > II°! for all Ny and N;.
1738 (O7) I1H3 > 11532 for all Ny and Ni. We have I172 = (1 — By)[v + (By — 6)Pg|Ny + (1 — B1)[v +
1739 BrPp — %]NL and I1°%% = [v + (By — 0) Pg][Nu(1 — Bu) + Np(1 — 5L)%]'
1740 Notice that IT7? and I1°%2, as functions of Ny, have the same slope. Their intercepts satisfy
26 — By + Br)*P 26 + B; —
71 N1 B+ B Py~ B PHLIL Y 1)+ (80— o)) B AL P
20+ + B —26)P,

1744 where the inequality holds because Sy > 3;, > d. Therefore, we conclude that IT#3 > 1932 for
1745 all Ng and Ny.
1746 (08) T3 >115% at Ny =0 if v+ (8L —30)Ps <0< v+ (B — 38)Pp and By — B, < 25. We have

b 7% Ny =0 = Np(1 = Br)[v+ BrPp — %]- When v + (8g — 36) Pp > 0, we obtain
1748 [v+ (280 +0—Bu)Pp] (20— Bu+PL)Ps _ v+ (Bu —30)Pp -

1749 45 Y oY; >

10 In addition, when By — 1, <24, we have [v+(2ﬁL+4(jsiﬁH)PB] 2 (zgiﬁszﬁL)PB > 0, resulting in
e HH3|NH:0 =Np(1-8)v+BLPs — (20— ﬂH4:5r ﬂL)QPB]
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[v+ (281 + 6 — B ) Ps]?

1752 met . =N, (1— P —
> | V=0 L(1=Br)[v+BLPs 160 P, ]
+ (B +6) P]?
1753 >T1%2| 5y =0 = N (1 — v
1754 Ingg=o = Ni(1=61) 80Py ’
1755 where the last inequality comes from (O4) and we assume v + (5, —36)Pp < 0.

1756 (09) I1%% is a convex quadratic function of Ny. And it increases in Ny whenever Ny > 0. This can
1757 be easily seen from the definition of IT°2.

1758(010) 15 is a convex function of Ny. And it increases in Ny whenever Ny > 0. This is because

1759 154 — {Ng (1—=Br)[v+(Bu+0)Ppl+ N (1-BL)[v+(8L+6) PB]}>
80Pp[Ny(1—Bp)+Nr(1-8L)]

O°I%*  (1—Bu)*(Bu — Bu)*(1— BL)* N3Py

. We are able to show

1760 = >0,
) ONZ, 45[(1— B )Nz + (1 — Br) N J?
. O (L= B+ (B Pollo+ (2 =B +O)Ps)
Ny 0 86 Pp ’
sS4 . 2
1762 lim ol = (1= Bu)lo + (B +0) P > 0.
1763 Nyg—oo ONpy 80Py
1764(011) 17 > T1%* for all Ny and Ny if v + (Bp — 3§)Ps < 0. Recall that IT7' = (1 —
1765 511)%]\&1 +(1—08L)[v+BLPs — [H(leJgg;gH)PB]Q]NL is a linear function of Ny. Its
2
1766 slope is equal to (1 — BH)%, implying that %HTS: < %I}VIZ for all Ny. In addition,
1767 at Ny =0, we have IT""!|y, o = N.(1 — B1)[v+ BLPp — [UH%LnggggH)PB]Q] and II%%|y,—o =
2
1768 Np(1 — BL)W. In (O4), we have already shown that Np(1 — 8p)[v + 8.Ps —
2 2
1769 [”JF(QBL;S?;;H)PB] | >Np(1- Bﬂ% if v+ (Br —30)Pg < 0. From above, we can con-

1770 clude that TT#1 > 1154 for all Ny and Ny when v + (81, — 38)Pp < 0.
1771(012) T > 1192 for all Ny and Ny if v + (8, — 30)Pg < 0. Recall that ' = (1 —

1772 Bi) L CHENERE N (1 — By)[o + Py — DECPLEBPERN, and T5%2 = [ + (By —
1773 0)Pg][Ny(1—Bg)+Nr(1— ﬁﬁ%]. Both are linear functions of Ny . We first compare
1774 their slopes and we achieve

[v+ (Bu + 0) Pg)? [v+ (Bu —30) Pp)?
1775 1-— —(1— —90)Pg]=(1- > 0.
o - EEOPEE ys (—g)pal = (11— g RO 5
1777 That is, II! has a higher slope than II°32. Then, we compare their intercepts which are given

_ 2
1778 by Ty, =0 = Ni.(1 = Bp)[v + B Pp — LHEELE Bl ] and T1592 v, o = Np(1 — B1)[v +
1779 (B — 8) Pp) @HEL=B1) Notice that
[v+ (B +9)Pg)? (26+ 8L —Bu)  [v+(28u — B —30)Ps)?
178 — - 9P = >
1 86 P [+ (Bn = 0) P] 26 86 P =0
1782 which implies that
20+ B —

1783 HS32]NH:0:NL(l—ﬁL)[zH—(ﬁH—(S)PB]M

24
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[v+ (B +6)Pg)?

1784 <I*|ny—0=Np(1-5z) 867,

i:::d <" ny—0 = Np(1—BL)[v+ BLPs — ot (2&126(;; BH)PB]Q]'

1787 The last inequality comes from (O4) and we assume v + (5, — 36)Pp < 0. Finally, we can
1788 conclude that T > 11932 for all Ny and Ny, if v+ (8, — 30)Pp < 0.

1789 Given the above observations, we are ready to prove II¥ >II° for all Ny and N. According to

1790 Lemma A.2 and Lemma A.3, we prove the result case by case.
1791 We start with the case with e = 8y — B > 26.

179¢C1.1): If v + (Bw — 30)Pg > v + (B — 30)Pg > 0, then II¥ = II"? and II° =
HSl, ifNHST'lNL7

1793 %2, if ryN, < Ny <ry;N, Following (O1) and (02), we know that IT¥ > IT° when
%3 if roN; < Ny < o00.

1794 Ny <7 Ny and Ny > roNy. In particular, ITI? > 11° at Ny =N, and Ny = roN,. Given

1795 that II° is continuous and IT° = I1°? is convex when N, < Ny < roNy,, we further conclude

1796 that I > II¥ when r; N, < Ny < 7,N;. In summary, we have shown II > II° for all Ny

1797 and NL 1f622(5 and U+(5H—3(5>P32’U+(IBL—3(5)PB20

1796C1.2): If v + By — 38)Pg > 0 > v + (B — 30)Pp, then H¥ = T2 and II° =
HSQ, ifOSNH<'I"2NL,

1799 IS, if 7N, < Ny < oo, Similarly as above, (0O2) indicates that II > II® when
1800 Ny > ryNp. In particular, I > 11° at Ny = r,N;. Moreover, (O5) indicates that I > 11
1801 when Ny = 0, which implies II# > II® when 0 < Ny < roN;. In summary, we have shown
1802 I > 115 for all Ny and Ny if € >26 and v+ (B —30)Pg > 0> v+ (8L — 35) Pp.

BCL3): I 0 > v + (By — 3P > v + (B, — 30)Pp, then II¥ = THl and IIS =
HSQ, ifOSNH<T’2NL7

1804 IIS9 if 7N, < Ny < oo Following (O3) and (O4) and a similar argument as (C1.2), we
1805 conclude that T > I1° for all Ny and Ny, if € > 28 and 0 > v+ (8y —30) P > v+ (B, — 35) Ps.
1806 Above, we have finished the proof for the case with e = By — 8, > 2J. Next, we consider the case

1807 with € = By — B, < 20.

1806C2.1): If v + (By — 30)Pg > v + (B, — 36)Pg > 0, then II¥ = I3 and II° =
I, if Ny <rNp,

1809 %%, if 1Ny < Ny <ryNy, Following (06) and (O7) and a similar argument as (C1.1), we
HS32, lfTQNLSNH<OO
1810 conclude that IT# > TI% for all Ny and Ny, if € < 26 and v+ (8y —36)Pg > v+ (B, — 30) P > 0.

1810C2.2): If v + By — 36)Pg > 0 > v + (B — 36)Pg, then I = T2 and 1I° =
1152 if 0<N N

1812 o nu= < T2iL; Following (O7) and (O8) and a similar argument as (C1.2), we
I1°°4, if roN; < Ng < o0.

1813 conclude that IT7 > TI% for all Ny and Ny, if € < 26 and v+ (8 —36)Pg > 0> v+ (81, — 36) Ps.
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181(@23) If v + (25[_] — /BL — 36)PB Z 0>wv + (ﬁH — 3(5)PB7 then HH = HHl and HS =
HSZ’ ifOSNH<'I°2NL,

1815 %2, if ry,Ny < Ny < r3Np Following (O11), (012), and (O4), we conclude that 117 > 1%
%4, if rs N, < Ny < oo.

1816 for all Ny and Ny, if e <26 and v+ (28y — 5, —38)Pg > 0> v+ (Bg — 36)Pg.

1810C2.4): If 0> v+ (28y — B, — 30)Pg > v + (By — 36) Py, then I =T1*! and 1I¥ = I1°*. Following

1818 (O11), we conclude that I > I1° for all Ny and Ny, if € < 2§ and 0 > v+ (285 — B, —36) Pg >

1819 v+ (By —30)Pp.

1820 In conclusion, we have discussed all possible cases and shown I1# > II° for all Ny and N,. R

1821 Proof of Theorem 1

1822 For casual games, we assume [y > (1 —y) — %. Lemma 2 implies that the reverse HAS strategy
1823 does not exists and Proposition 1 further indicates that the PSS strategy is dominated and can
1824 never be optimal. As a result, the optimal selling strategy must be either the PAS strategy or the
1825 regular HAS strategy. We compare the firm’s revenue under the PAS strategy and the regular HAS

1826 strategy which are equal to

: (Br—B)[v+(Br+BL—1)Pp]
ﬁL)(/BLPB +U)NL> it Ny <~ (1£ﬁH)EvfﬁH§B) =Ny

(1-
1827 T4 =
’ {(1 — Bu)(BuPs +v)(Ng + Ny), if Ny > Cu—BultlButb—1Psl
(
(

(1-Bm)(v+Ba PB)

2 2
1— BH)%NH +(1—BL)[w+BLPs — [”(”ngg;gm%] IN, if v+ (By—30)Ps <0,
1828 I =< (1—By)[v+ By —0)Pp|Ny + (1 — BL)(v+ BLPs)Ny, if v+ (By —36)Pg >0, €>20
2
1829 (1—5H)[U+(5H—5)PB]NH+(1—5L)[U+BLPB—W]Nb if v+ (Bu —36)Pp >0, € <20.

1830 Notice that the firm’s revenue under the regular HAS strategy I can be viewed as a linear
1831 function of Ny, whereas the firm’s the firm’s revenue under the PAS strategy II* can be viewed
1832 as a piece-wise linear function of Ny.

1833 We start with the case that v+ (8 —39)Pg > 0 and Sy — 1, > 26. We consider the difference
1834 II* —II which can be simplified to

~(1—Bu)[v+ (Bu — 8)Po]Nu, if Ny < “H(f%ggff;j}gs;“’ﬂ N,

0Py(1 = Bu)Nu — (Br — Br)[v + (Brr + Br — 1) Pp] Ny, if Npg > CrBulliBn —OFRl

1835 A —TI7 =
1836

o A o Ba=Br)v+(Ba+Br—1)Pp] Bu—=B)v+(Br+Br—1)Pp]
1837 Clearly, I1I* <II'" when Ny < 6 (0B o) Nr. When Ny > 6m) (0Be Pr) Ny,
183%  we can see from above that IT4 > II# if and only if Ny > B =B+ Ba+BL—VPp] Lastly, we

(1-BH)éPp
Br=Br)wv+Ba+BL-1)Pp] _ : Ba—=Br)[v+(Ba+Br—1)Pp] : Br=Br)v+(Ba+BL—1)Pp]
(1-BH)éPp with (1-Bg)(v+By PB) - Obviously, (1-By)éPp >

— v —1)P,
1840 Eu gﬁgﬁgfﬁ;j},}g)) 2l Therefore, when v + (B —30)Pg >0 and By — B, > 2§, we conclude that

1841 A >TI# if and only if Ny > <5H*ﬁLg§’f;§I){;iL*1>PB]NL; otherwise, IT* < IT¥.

1842 Next, we consider the case that v+ (8 —39)Pg >0 and Sy — B < 24. Similarly as above, we

1839 compare

1843 investigate the difference I1* — IT¥ which is equal to

1844 T4 —T117
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1— 20— + 2p, . — v+ +87,—1)P

_ {—(1—6H)[v+<ﬁH—5>PB]N,[{+< S g]H PN, if Ny < on {fei%mgffﬂ,f;; BiNL
458y —BL) v +(Bu+Br—1)Ppl—(1—BL) (26— B +B1) P . (B —BL)v+(Bu+BL—1)P

6Pp(1— By Ny — { A s il . I YN, i Ny > g e by i

When Ny < Gu-fuletGn B OPEl N, we obtain that II* > I if and only if Ny <

2
OGO bt Pl e N When Ny > Gu—fllet Bt B -LPRl N, | we obtain that IT4 > TI' if and only
: (Ba—=Br)v+(Br+Br—1)Pp] (1—-Br) (20=Bu+BL\2
f Ny > oVl (= (5= aou oy,
(1-B1)(26-Bu+BL)"Pp : Ba—Br)v+(Ba+BL—1)Pg]

However, we need to compare BB B P] with T (B Pr) . We
(1-B8L)(26—B+BL)*Pp < Ba—Fr)lv+Bu+Pr=YPsl if and
46(1-Bm)[v+(Bg —96)Pp] (1-Bp)(v+Bu PB)
(msfﬂHwL)? < Bu—BL)v+(Br+BL—1)Ppllv+(Bu—6)Pp]

are able to show that

only if

In addition, we mneed to compare

25 (1-BL)oPp(v+By PB)
— v+ +5r,—1)P, 1— 20—By+ : — v+ +8r—1)P, :
(Bu ﬁL?S[PB((lﬁfBHB)L )Pl ((1752))( 521?; 5L)2 with Bu (fng)éffﬁ,fng)) B]. We can achieve
Ba—Br)v+(Br+Br—1)Pp] (1—Br) (26—=Bu+BL \2 Ba—B)v+Br+BrL-1)PB] ;
that S e~ o ey ) > e eisn sy - it and only if

25-Bu+Br\2 _ (Bu—Br)w+Bu+B8rL—1) Pgllv+(Br—d)Pg] 25—B+B1)2
(%) < SHAEL (1—612)6PLB(U+,BBHPB) H-2)"B. Note that (#) can be greater or less
than Bu=B)v+Ba+Br—1)Ppllv+(By—9) PB]

(1-BL)sP(v+By PR) ’

(B —=BL)[v+(Ba+BL—1) Pel[v+(8a —9) PB] 20—Bu+Br \2 :
Suppose HIL (1_511)6;3(“63}1133) Ho2oBL < (=HE2L)%0 In this  case, we  have
Br=Br)v+Bag+BL-1)Pp] _ (1_:8L)(25*5H+5L)2 < Ba=B)lv+Bu+BL=1Pp] (1-B81)(26—Br+B1)* Py
0Pp(1-Bp) (1-8m) 26 - (1-By)(v+Bu PB) — 46(1-By)[v+(Bg—9)PB]’

: : : A H (Ba—BL)[v+(Ba+BL—1)PRl[v+ (B —3) Pp]
which implies that II* > II* for all Ny and N;. Suppose ()5 P5 (ot h o Pr) >

(25—521§+BL )2' In this case, we have (/3H—5L()S[IZ;-((15§/;-I§3)L—1)PB] _ ((11:52)) (25—,@2}31 +8L )2 N

(B =BL)[v+(By+BL 1) Pp] (1-B1)(20—By +8L)* Pp - -
=B (B ) > BB ot (B Pa] As a result, from the above discussion,

2
we can conclude that T4 > II” when Ny < %aﬁfgs)‘i;ﬁ&;@gﬂ% N; and when Ny >

Ba—Br)v+Ba+BrL—1)Pp] _ (1_/6L)(25_ﬂH+,3L)2NL' And TI4 < II¥ when (1—ﬁL)(25—ﬁH+BL)2PBNL <

sPp(1-Bp) (1-Bm) 28 46(1-By)[v+(Bg —9)PpB]
(Ba—BL)[v+(By+BL—1)Pp] (1-BL) (26—Bu+Br\2
N <~ L‘sPB(lfﬁH)L = (1752)( 2}:; )N

Finally, we examine the case that v+ (Sy —39)Pg < 0. We obtain

| R

_(1 _ /BH) [U+(51-§+5)PB]2 Ny + (1 _ BL) [U+(25L+§—ﬁH)PB]2NL if Ny < (B =Br)lv+(Bu+BL=1)Ps] py
8 Pp 166 Pg ’ =

(1-Bg)(v+By Pp) L

— |V 2 v — 2
= (1 _ 5H)85P3(v+ﬁHPB) [v+(Bp+9) PB] Ny + {_(BH _/BL)[U+ (5H + B — 1)PB] + (1 _ BL)[ +(281,+0—BH) Pl }

85Pg 166 Py

if Ny > (5H—/3L)[U+(5H+/8L_1)PB]NL.

(1-Bn)(v+BH PpB)

When Ny < (ﬁH’(fﬁ)ﬂ[ggff;:g;)”PB]NL, we obtain that I > II¥ if and only if Ny <

(1-BL)[v+(28L+6—Bu)Pp]?
2(1-By)[v+(By+6)Pp]?
BuPs) — [v+ (Br + 8)Ps)? > 0. Thus, when Ny > Bu=Lb+But8L=UPp] N, we obtain that 14 >

(1-Bu)(v+BHu PB)
o : 160Pp (B —Br) v +(By+8L—1)Ppl—(1—B1) [v+(28,+5—B) Pl
II™ if and only if Ny > =G T an P ot (Br o) Pal?y VL
; v+(28L+0—Bu)Pp 2By —BL)[v+(Bu+BL—1)Pp]
Furthermore, we can show that if ( S Oy ) < 3018 Po)

H A _ (B=BL)v+(Ba+BL—1)Pp] s : (1-B)[v+(28L+6—Bx) P>
that II* > II¢ at Ny = o) (o iBn Pr) Ny, it implies that 5B [ot (0 PE]2 <

Ba—Br)v+(Bu+Br—1)Pp] < 160Pp (B —BL) v +(By+B8L—1)Ppl—(1—B1) v+ (281, +5—B) Pl
(1-By)(v+Bu PB) 2(1-Bm){86Pp(v+Br Pp)—[v+(Ba+6)P]?}

2
the above discussion, we conclude that II4 > ITI¥ when Ny < (1;(?_);23%5%;;;?)}[1:);}3] N;,

Np. We have shown earlier in the proof of Proposition 1 that 8Pp(v +

, Ineaning

. As a result, from

NL7
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166 P (B —Br) v+ (Bu+BL—1) Ppl—(1—B1)[v+(28L,+5—Bx) Pp]? A H
and when Ny > £ H2(1£5H){8?PB(5+5H1§B)_[U+(LBH+5)PE]2} H-Bl Ny, And II* < II* when

(1—ﬁL)[v+(2ﬁL+5—5H)PB]2N < Ny < 165PB(ﬁH—5L)[U+(5H+5L—1)PB]—(1—ﬁL)[v+(2ﬁL+5—5H)PB]2N
2(1-8g)[v+(Bu+8) P2 L H ) 2(1-Bm){86Pp(v+Bu Pp)—[v+(B8r+6)Ppl?} L
Instead, if <M) > 2Bp=81)[v+(Bu+8L—1)Pp] (1-Br) v+ (281 +6—B) Ppl?

v+(Ba+9) P (1-BL)(v+8p Pp) , we have g S G ro s 2

Br-BpWw+Br+BL—1)Pg] ~ 160Pg(By—Br)w+Br+8L—1) Ppl—(1—BL)[v+(28,+—Br)Ppl> - : A
s etin P 2 (1B 8Py (B bp) -t Gk ey » implying that 117 >

17 for all Ny and N.

In summary, we define n and # as follows:

2(1*5H)[U+(ﬁH+52)PB]2 ’ v+(By+9)Pp
(1—BL)(26—Bu+BL) " Pp lf v+ (BH — 35)PB Z O, BH — BL < 2(5, and

(1-BL)(v+Bu PB)

(1-BL)[v+ (281, +8—B) Pp)> if v+ (BH - 35)PB <0 and <v+(2ﬂL+5*5H)PB>2 < 2(Bag—BL)w+(Ba+BL—1)PB]

n =4 46(1-By)v+(Bg—9)Pp]’
Bu=B)v+(Br+Br—1)Ppllv+(By —9) PB] > (25*ﬂH+ﬂL )2
(1-BL)6Pp(v+BH PB) 26 ’
0, otherwise.
(A.8)
( 166Pg (B —BL)v+(Br+Br—1)Pgl—(1—B)wv+(28L+6—Br) P2 : -
2(1-B){85 P (v+Br Pg)—[v+(Ba+6)P]%} , o+ (BH 35)PB2< 0 and
v+(2B8p+0—Bu)Pp < 2B —Br)v+(Ba+Br—1)Pp]
v+(Bg+3)Pp (1-BL)(v+Ba PR) ’
— v —1)P, — 6— :
= i BL();L;((ff;j)L \Pol ((11,52)) (2 B2%+5L)2, if v+ (B —36)Pp >0, By — 1 <26, and
Bu—=B)v+Br+Br—1)Ppllv+(By—9) PB] > (25—1'3H+5L
(BB o+ (Brg+51—1)Pr] (1-BL)éPp(v+BH PB) 26
I L(1—5H€{5PBL L y 1fU+(5H—35)PBZOand BH—ﬁLZQ(S,
L0, otherwise.

(A.9)

We have prove that II4 > IT7 if and only if 1]\\% <n or ]]\\’[—f > n while II* < IT# if and only if
n<i<n ®
Proof of Theorem 2
To prove the theorem, we show the following results:

(1): The PAS strategy dominates the reverse HAS strategy (if exists), i.e., [I4 > TIRH,

(2) The PAS strategy dominates the regular HAS strategy (if exists), i.e., [I4 > 1.

(3) The PAS strategy dominates the pure spot strategy, i.e., II* > II°.

Following Lemma A.5, we have

- (1=BL)(v+61Pp)
4 = {(1 B+ BuPe) (o N, 1 Nit < G sy 2= Ve

: (12BL)(v+8. Pg)
(1= Bu)(v+BuPp)Nu, i Nu > s —pn—snps=a Ve

Notice that IT* can be viewed as a piece-wise linear function of Ny . For sake of demonstration,

we denote the two pieces of IT4 as IT4! and I142. Besides, it is straightforward to verify that IT4 is
continuous in Ng.
We start with (1) and prove II4 > IT#H (if IT®H exists and is positive). Following Lemma A.6,

we have

[v+(8L+8)Pg] (1-BL)w+(BL+9) Pp]>
HRH— NH(]‘i/BH) L2 B +NL L 8§P]§ B 9

166 Pg 85Pg

)?,

NH(l _ ﬁH) v+ By Py — [U+(25H*5L+5)PB]2:| +N; (1*ﬂL)[v+(ﬁL+5)PB]2’ if v+ (2/8H — B — 35)PB <0.
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From the proof of Lemma A.5, we know that T4 > T4 = (1 — 8;) (v + B, Pg)(Ng + Ny) for all

(1-Br)(v+Br PR)
Ba—B)[(1-Ba—BL)Pp—v

to prove IT4 > I1%H for all Ny and Ny, it suffices to prove IT4' > IT#*¥ for all Ny and N.
Suppose v + (28 — B — 35)Pp > 0. Then, we have IM"H = Ny(1 — ﬁH)[UJF(’BLgiJF‘S)PJ’ﬂ +

2
Ny, (1_BL)["§$;+6)PB] . The difference IT*# — 14! is given by

Ny and Ny and the strict inequality holds when Ny >

]NL. Since we want

IRH 1A = N, {(1 I G (ﬁL; 0)F]

(1—BL)[v+ (8L +9)Ps]?
+NL{ R5P,

—a —6L><v+ﬁLPB>}

- (1_/3L)('U+BLPB)}7

which is a linear function of Ny. Its slope satisfies

{(1—ﬂH) vt Oy —6L><v+5LPB)} < {(1—ﬂL> v GO (1—5L><v+ﬂLPB>}

= 5 (1=Bo)lo+ (B~ 6)Pa] <0.

And its intercept can be simplified to be

{ (1= Bu)[v+ (B + ) Ps]?
80P

(v+ BLPp)* —60Pp(v+ BLPp)+ (6 Pp)?
80Py )

“a 5L>(U+BLPB)} —(1-41)

For the existence of the optimal reverse HAS strategy, we need to assume v+ (8, —39)Pp < 0. As a
result, we have § Pg < v+ 3 Pg < 3§ Pg, which implies (v+ 81, Pg)* — 65 Pg(v+ 8, Pg) + (6 Pg)* < 0.
In conclusion, the slope and the intercept of [T —II4! are both negative. Hence, when v+ (285 —
Br, —38)Pg >0, we have II*H < TI4 <TI for all Ny and Ny.

Similarly as above, when v + (28y — 8. — 30)Ps < 0, we have I = Ny(1 —
Bu) v+ BuPp — [”+(2ﬁH_’6L+5)PB]2] + N (=B P+BL+0)Pel” Tl difference TIRH — TTAL s equal to

166 P 85 P

[v+ (28 — Br + 5)PB]2
166 Py

- <1—ﬂL><v+5LPB>}.

I At = Ny {(1—5H) [UJrﬁHPB—
+ N, { (1= Bu)v + (Br +6) Pp)?

] —(1—6L><v+ﬁLPB>}

80 Pp

We have already shown that, as a linear function of Ny, the difference IT7# —IT4! has a negative

intercept. Since we assume v+ (28y — 1, — 39)Pg < 0, we achieve

[U+(25H_/8L+6)PB]2}:_v+(2/3H_/8L_35)PB

> 0.
dfu

Thus, the term [v+ Sy P — ["HMH*’BLH)PBP] increases in By . Given that v+ (28y — 1, —39) P <0,

166Pg
(30+BL)Pp—v

P
{HBHPB_ 1665 16

equivalently Sy < , we obtain

[v+(2ﬂH—ﬂL+6>PB]Q] _ U+<(3é+/ﬁL>PB—v)P o+ 2+ (5852 ) — B, 4+ ) Pp]?
< -

[” P Pe 1665 2P, 16675
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_U+(5L+5)PB
1939 =

1938  Finally, the slope satisfies

1939 {(1—ﬂH) |:U+,8HPB — [v+(25}11;5/]332+ 5)PB]T — (1—[3L)(U+BLPB)}

1940 < {(1 — Bu) [W] -1 —ﬁL)(er/BLPB)}

( gy (v Bt P s R VORI _

on < {ae o | o ) f = - 50 - Al + (8~ )] <o

1943 Thus, the slope is also negative. Hence, when v+ (285 — B3, — 38) Pz < 0, we conclude TI7# < T[4 <
1944 II# for all Ny and Nj.
1945 In summary, we have shown IT## < IT4! <TI* for all Ny and N,. B

1946 Next, we prove (2) II* > TI# (if I¥ exists and is positive. Following Lemma A.4, we have

2 v _ 2 .
(1— BH)WNH +(1—B)[v+BPs—1 +(25L1‘E§P§H)PB] N, if v+ (B —36)Pg <0,

1917 T = ¢ (1= By)[v+ (B — 6) Pe] Ny + (1= B) (v + BLPp) Ny, if v+ (B — 30)Pp >0, € > 24,
1948 (1= Bu)[v+ (Br — 8) Pg] N + (1 — Br) [ + By Py — LBl PRI N, - if 4y 4 (B — 30) Py > 0, € < 20.
1949 As in the proof of Proposition 1, we denote the three expressions of I as IT#!, I1#2, and I1*3, all

1950 of which are linear functions of Ny.

1951 Clearly, IT#!, T1"2, and 17 have intercepts no greater than that of II*!'. In addition, as shown

1952 in the proof of Proposition 1, we obtain that IT#', 112, and I1#3 have smaller slopes than IT142.

1953 Below, we want to show that II7!, T1%2, and I1*® have smaller slopes than 114! as well.

1954 According to Lemma A.4, the optimal regular HAS strategy exists if v + (Sy — 39)Pg > 0,

1955 B —Br >28, and (1—Bgy)[v+ (By —0)Pg] < (1— 1) (v+ B Pg). Therefore, we obtain that IT#? has

1956 a smaller slope than II*'; Or if v+ (8y — 30) P >0, Sy — Br, > 26, and (1 — By)[v+ (Bu — ) Pg| <

1957 (1= B1)(v+ B Pg), from which we know I3 has a smaller slope than I14; Or if v+ (8y —36) Pp <

1958 0, and (1 — By)[v + By Py — LEELIPEE] (1 _ g Y[y + B, Py — WHCOL—ButOPs])  Given that

165Pg 166Pg

2
1959 v+ (B — 30) P < 0, we have v + Sy Pp — 3“’*(15;;;?’33] - ‘[3(”+5HPB”ﬁglﬁ?ﬂHPB‘?"SPB] >0. As a

1960 result,

[v+ (Bu + 0)Pg]?

1961 (1—pn) 5P
062 <(1— Bu) [v+ (%;:)PB] (= B+ B Py — 3[v+ (ﬁ;;BcS)PB] |+ (1-5) [v+ (2ﬁL1g5,6]’;;+ 8) Py
1965 =(1— Ba)[v + B P — [v+ (/fg(s‘;j)PB] 14 (1-B1) [v+ (Qﬁngf];;-i- ) Pg]

1968 <(1=Br)[v+ BLPs).

1966 We conclude that IT7! has a smaller slope than IT4!.
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According to the above discussion, for j = 1,2,3, we have shown that IT4| Ny=0 = 141 Np=0

is greater than II”7|y._o. In addition, II*' has a higher slope than II”J. Therefore, when

(1-Br)(w+Br PB) A _ 1Al > T[HI A2
Ny < (BH—ﬁL)[(l—ﬁH—BL)PB—v]NL’ we always have II* = II*** > II"7. Moreover, 11 has a
higher slope than II¥7. By continuity, we also know that HA] A-8)(+8,P5)
" N Nu= (BH— ﬁL)[(l B —BL)Pg—v] L
I 1|N (1-81)(w+B1 PR) N = I 2| (- ﬁLﬂv+5LPB) is greater than
H= @B —B(-By—BL)Pg—v] 'L Nu= (Br—Br)[(1- <H ,gL)éD—&-_BU]PL)
Hj —BL)(v+BLPp
e Nir= g GOy, - Thus, when Ny > m—p=iho5 - b5—1 Ny, we always have
H— ?I[( BH—BL)Pp—"v]
M4 = 1142 > 119,

In summary, we have shown I <II# for all Ny and N,. B

Finally, we prove (3) IT* > IT°. Following Lemma A.3, we have

HS’

v+ (Br —6)Ps|[Nu(1 — Bu)+ Nr(1—-5L)], if Ny <r Ny,
2
2(1— BH)5NH1;B(1~‘(1BL/)86LI&JZ§,3;U+([3L+5)PB)] if r\N;, < Ny <79Nj
= [U+(,BH— )PB]NH(l_ﬁH)7 ifTQNLSNH<T3NL and622(5
[U —+ (/BH — 5)PB][NH(1 — 6H) +NL(1 — BL)%] lf TQNL S NH < T3NL and € << 26,
Ny (1=B) v+ (B +6) Ppl+ Ny (1=B1) [v+(BL +0) Pp]} :
o - [85PB}[INH(1£;/]3H)-I:NL(1L—/3[L)] - = if Ny 273N,

where the three thresholds 7y, r5, and 73 are defined in Table 3. As before, we denote the four

pieces of II¥ as IT9!, 1152, 113! (when € > 26) or 11932 (when € < 2§), and 115,

We make the following observations:

(B1)

(B2)

(B3)

(B4)

(B5)

41 > 1151 for all Ny and Np. Because I = (1 — B.)(v + B Ps)(Ny + Ni) and 115 =
[v+(BL = 6)Pp][Nu(1—Bu) + Nr(1—B)].

142 > 193! for all Ny and Ny. Because 112 = (1 — By )(v+ By Pg) Ny and 1193 = (1 — By ) [v+
(B = 6)Pp]Nu

4! > 119% at Ny =0 if v+ (8, — 3) Pp < 0. Note that [T* |y, —o = N.(1— 1) (v+ 8. Pg) and
52| v, =0 = N (1 — BL)W' The proof is the same as (O5) in the proof of Proposi-

tion 1.

%1}\,22 6HS for all Ny if v+ (8x — 36) Pg < 0. We have shown in (010) that II°* is a convex

functlon of Ny. And we are able to show that when v+ (8y — 39)Pg <0,

tim 2 (1*5“’)[“(5’{”)]33]2<(1—6H)(v+,8HPB):aHA2,
ONy

Ng—o0 8NH 86PB

which implies 212> > 902 for all Ny,

14! > 115 for all NH and Ny if v+ (28 — Br — 30)Pg < 0. First, at Ny =0, we have
4y, —o = (1— B.)(v+ BrPs) Ny and T4y, o = Ny (1 — 5&% In the proof of
Proposition 1, we have shown (v + .Pg) > W. Thus, 14|y, —o > 15| x,,—o. The
condition v+ (28 — Br — 30 Pp <0 is equivalent to v+ (28 — 1, + 0 Pp < 49 Pg. Therefore,
81154‘ (1—Bu)[v+ (Br +0)Psl[v+ (2B — Br + ) Pp]

Ny NH=0 " 86 Py
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< (1=Pu)v+ (B +0)Ppl4éPg (1 —pBu)[v+ (BL+0)Pg)

1956 < e - 2 < (L= B)(w+BLPr).
2000 Given that IT5* is convex, we can conclude from the above analysis that IT4! > 115 for all Ny

2001 and Ny, if v+ (28g — B —39) P <0.

2002 (B6) T14! >T15%2 at Ny =0 and Ny = 5—g bl CHILIB N First, T4 |n,—0 = N (1— B1) (v +

2003 BrPgp) and 1I5%2|y, o = Ni(1 — B)[v + (Br — 0)Pp]Z=21*PL) Recall that we define ¢ =

2004 Bu — Pr. We further have [v+ (By — ) Pg| > (Bu — fr) Pp = €Pg. Finally, we achieve

2005 26(v+BrPp) — [v+ (Br — 6)Ppl(26 — Bu + Br) =26[(v+ B Pp) —v— (Bw — 6)Pp] + €lv + (Bu — 0) Ps]
2006 =20(0 —€)Pg +€[v+ (By — 0)Pg|

2008 >26(8 — €) P + €2 Pg = Py(26* — 20¢ + €*) > 0.

2009 Equivalently, we have shown IT*! |y, —o = Np(1— 1) (v+ 8. Pg) > 119%2 |y o = Ny (1— ) [v+

2010 (B — ) Pp] 22-LatbL),

2011 Next, at Ny = (=BL)(v+BL Pp) Nrp, we have

Bu—B)(1-Br—BL)Pp—]
(1 - /BL)(U + BLPB)

2012 At (1-81)(v ) =(1-py)(v+ BuP N

‘NH:(BH*;L)?(Ii*(BEﬂ*LBIZB;PB*U] w, = ¢ )l uFe) (Brr — Bo)[(1— B — Br)Ps —v] "

, 1—B1)(v+BLPp)

2013 HS?’Z (1—B7)(v+8 ) = 1—ﬂ v+ ﬁ —0)P ( N

=Sttty = (= Bl B = O g N = By Pe o]

20+ 8, —p
3014 +NL(1—5L)[U+(5H—5)PB](2gH)]-
2016 Their difference is equal to
2017 At (1B ) —1°% (1B )
’ |NH:(BH*/;L)[(%*ﬁ-:iLB}ZBjPB*U] N |NH:(BHfl;L)[(LlfB;[iLBIZE)gPB*v] Nr
(1-8L)(v+ BLPp) (26 + 81 — Bru)
2018 =(1- oP N, —(1- —0)Pg|————=Ny.
2019 (1~ 6n) B(ﬂH—BL)[(l—BH—BL)PB—v] L —(1=8r)[v+(Bu —6)Ps] 28 L
2020 By reorganizing the terms, we can show
2022 (1= pBu)dPp(v+ prPr)(20) — [v+ (Bu — 6)Pg|(20 + Br — Bu)(Bu — Br)[(1 — Bu — Br)Ps —v] > 0.
2023 As a result, we conclude 114! (1-87)(v ) > [19%2 (1-B7)(v ) .
|NH:(ﬁH—BlL)?@—Bj—LB}BPB—v] Ne ‘NH:(ﬁH*;L)?(%*ﬁzﬁfLﬂi%PB*U] Ne
2024 It further implies that IT4! > 113 when Ny < ﬁHfgLf)ﬁgﬁ;;éLg;Bw] N, because both ITA!
2025 and I1°32 are linear functions.
2026 Given the above observations, we are able to prove II* > II° for all Ny and N;. We prove the
2027 result case by case.
2028 We start with the case when € = By — B, > 2§. According to Lemma A.3, II° =
HSl if NH < rlNL
’ - ’ 12, if 0< Ny <myN

2020 M52, if 1Ny < Ny <roNy, if v+ (8, —30)Pg > 0. Or II¥ = { o WU NE STV,

193, if 7y Ny < Ny < 0.
I3, if ry N, < N < 0. L=
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2030 v+ (B —30) P < 0. Following (B1), (B2) and (B4), we can conclude that II* > TI° for all Ny and

2031 N if e > 24.

2032 Next, suppose € = 8 — 81 < 2§. According to Lemma A.3, if v+ (8 — 36)Pg > 0, then II° =
HSl) ifNHSTINLa

2033 ¢ 1192, if N, < Ny <73Nyp,. Following (B1), we know that IT4 > I1¥ when Ny <r N;. (B6)
H532, lf’I"QNLSNH<OO

N9 : : Al 532 (1—Br)(v+BLPB) A2 532
2034 further implies that II** > I1°°* when Ny < BP0 —Ba 51 P 7] Ny, and I14° > II°°¢ when Ng >

9035 (A-BL)(v+BLPR) A _ Al TTA2 532 :
2035 GGG B P o] Nyp. Therefore, I1* = max{II*!, 114} > I1°°* when r, N, < Ny < oo, which

2036 also implies that II* > ITI°? when 1N, < Ny < roN;. In conclusion, II4 > II° for all Ny and N,

2037 if €< 2§ and v+ (B — 30) P > 0. Similarly as the proof of Proposition 1, given (B3)-(B6), we are
2038 able to show that IT* > IT° for all Ny and Ny if € < 2§ and v + (81 — 36) Pz < 0. Concerning the
2039 length of the appendix, we do not repeat the detailed analysis.

2040 In conclusion, from the above analysis, we have shown II* > I1° for all Ny and N,. B

2041 Proof of Proposition 2

I B —BL)w+(By+BL—1) Pl[v+(By —8) P 26—+ :
2042 First of all, we show that L)[(liﬁi)5;B(va;&,B)( u—0Pg] _ PHEPLY? decreases in § when

2043 20 > By — P It is because its derivative satisfies

2044 9 { (B = Br)lw + (Bu + B — 1) Ps][v+ (B —8)Ps] <2aﬁH+ﬁL)2}
95 (1—B1)0Pp(v+ BuPp) 25

9045 :_(5H—/3L)[25(U+BHPB)—(ﬁH_ﬁL)(l_gL)pB]

}Eio 2(1— B,)0% P <0,

2047 where the last inequality comes from the facts that 2§ > By — 8. and (v + By Ps) — (1 —

2
2048 5L)PB =0+ (/BH +BL - 1)PB >v+ (QBL — ]-)PB > 0. We further obtain that (%) =

v+(By+0)Pp
2050 As aresult, when ¢ increases from 0, Theorem 1 indicates that n is first zero. When § is sufficiently

(1-81)(26—Br+BL)>P, .
45(1fﬁH)[v+%Hf5)P;, and when 9 is even

2
2049 (1 — M) increases in 4.

2051 large, n becomes positive. In particular, n is first equal to

2
2052 large, n is finally equal to (2(111%2)) (1 — %) .

2
2053 We already have that when n = (2(11:%2 )) (1— %) , it increases in 4. When n =
(1-BL)(20—Br+BL)*Pp

2054 Aot (Bp S Ba] its first-order derivative is given by
2055 @ _ 2 { (1—B1)(26 — By +B1)*Ps } _ Pp(1—51)(20 — Bu + Br)[(Bu — B +20)v+ (BF — BuBr +26.9)Pg]
2056 06 00 45(1—BH)[U+(5H—5)PB] 452(1—,3H)[U+(,8H—6)PB]2 '

2057 We obtain g—? > 0 since By > B and 26 > By — Br.

2058 In summary, we have proven that whenever n is positive, it increases in . B

2059 Next, Theorem 1 indicates that as 0 increases from 0, n is first equal to n =
oncn  BE=BL)[v+(Br+BL—1)PB] = _ (Bg—Br)v+(Bg+BL—1)Pg] (1-Br) (20—-Bu+BL \2. : ;
2060 (B 5Py , then n = 5P (15 - (1—5H)( HPL)?% when § is quite
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large, n is equal to

Clearly, when

168Pp (B —Br) v+ (B +B8L—1)Ppl—(1—B) [v+(281,+8—B) Pl

2(1-B){86Pp(v+BH Pp)—v+(Bu+6)Ppl?}

7= Bu—PL)v+(Bu+hr—1)Pp]

(1-Bg)éPp

When 71 = Ba—BL)lv+Br+Br—1)Pg] _ (1-Br) <26—6H+,3L

Thus, when n = B =B

Finally, when n =

plified to be

on
00

0Pp(1-BH)
in § under the case that 26 > Sy — 8. In fact, we have

O{(*=1)*)

1=

BH) 26

, it decreases in 4.

)?, it suffices to prove (

(Ba —BL)(20 — Bu + Br)

2

> 0.

0

)v+(Bu+BL-1)Pp] _ (1-BL)

203

26—Bu+BrL

6Pp(1-pH)

o ("2

_ 2P(1—Br)[v+ (Bu +0) Psllv+ (28, + 6 — Bu) Ps]

(1= Bu){80Pp(v+ BuPp)—[v+ (Bu +0)Pp|*}?

2(Bu — Br)[v+ (Bu + B —1)Pg]

{< v+ BuPs B
v+(Ba+8)Pg (1—08)[v+ (268, + 6 —Bu)Ps]

) o+ (B — 8)Po] — (

20—-By+BL

)

)2, it will also decrease in .

160Pp (B —Br) v+ (B +8L—1)Ppl—(1—B) [v+ (281, +3—B) P>
2(1-By){86Pg(v+Bu Pp)—[v+(By+6)Pp]?}

4(v+BuPp)
v+ (,BH +5)PB

, and finally 7 becomes zero.

)? decreasing

, its derivative can be sim-

1)(Bn —mPB}.

In this case we have v + (85 — 30) Pg < 0 which implies Sy < 30 < 28, + 0. Hence, it suffices to

examine the sign of the following term:

v+ BuPp 2(By — Br) v+ (Ba + Br — 1) Pg] 4(v
- [v+ (Ba —8)Pr] — (
v+ (Br+96)Pp (1=pL)v+(26L+ 6 — Bu)Ps] v+ (
4(v+Bm PB) v+BH P, 28 —Br)[v+(Bu+Br—1)Pp]
Clearly, we have m > L1t (UJF(ﬁHI‘{HS)BPB B (1§BL)L[IU+(25L}‘IF5*gH)PBJT

g—? < 0. Suppose (

v+B8y Pp

2(Bg—Br)[v+(Br+Br—1)Pp]

v+(Bg+9)Pp

(1-B8L)[v+(28L+5—BH ) PB]
166 P (B —Br) v+ (Br+B1,—1) Ppl—(1—B1)[v+(281,+8—Br) Pp)?

2(1-B){86 P (v+BH Pp)—[v+(Ba+6)Pp]?}
28y =Br)[v+(Bu+Br—1)Pp

(1-8L)(v+BH PB)

2(Bg—Br)[v+(Br+Br—1)Pp]

(1-81)[v+(28L+3—BH)Pp]

L. As a result, we have

v+(261+0-BH)Pp

if v+ (By —36) Py < 0 and (”*

Bu+0)Pg

+ B Pg)

1)(Ba —ﬁL)PB} .

(A.10)

v+(Bg+0)Pp

_ 2(Bu — Bu)[v + (Bu + B — 1) Pyllv + (Bu +6) Py

Equivalently,

v+BH PR
v+(Be+0)Pp

v+ BuPp

(1—=pBr)[v+(28L+6 — Bu)Psl(v+ BuPp)
v+ (26, +0 —By)Ps

v+ (By+96)Pp

2(By — Br) v+ (Ba + Br — 1) Pg|

<U+(5H+5)PB a (1—-p51)[v+ (28 + 6 — Bu)Ps| >

<< v+ BuPp >_< v+ BuPp )(U+(25L+5—/3H)PB
v+ (Bu +90)Pp v+ (Bu +9)Pp v+ (B +0)Pp
v+ BuPs 2(/BH_/BL)PB
v+(BH+(5)PB> <’U+(,8H+5)PB>.

y

)

) <0, we can easily obtain

) > 0. Following the proof of Theorem 1, i =

) <
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: v+BuPp 2B —Br)v+(Bu+BrL—1)Pg] :
Therefore, if <v+(5H+5)PB A bt @B 55 PR ) > 0, we achieve

(A.10) < { <v +U(;ff;§PB> (fféqﬁ; f_La))PJi> v+ (Bu — 0)Ps] — (W - 1) ((52[ 1—1)ﬁL)PB} :

: v+Bg P 4(v+By Pp) 2[v+(Bp —0)Pp] ;
Since § < By < 39, we further have U+(BHﬁ5)BPB < v+(BH$5)?’B —1 and UJF(/B;M)P; < 1, from which

we conclude (A.11) <0, implying that 2% <0.

In summary, we have proven that 2—5 < 0 whenever n > 0, i.e., n decreases in § whenever it is

positive. B

Proof of Proposition 3

2
First, we argue that when v + (8 — 30)Pg < 0, <v+(25L+§_ﬂH)PB) — 2B Bl By 5, 1) Pp]

v+(By+96)Pp (1-BL)(v+BuPB)

v+(2B8L+3—Bu)Pp

2
gy ) decreases in By. In addition, we have

decreases in fBp. Clearly, (

D) { 28 —BL) W+ (B +8L—1) P

(1-BL)(v+BH PR) } _ 2{[v+ 2By —1)Ppl(v+ BuPp) — By — Br)Pelv+ (Bu + Br — 1) Pp} <0

Bu (1—=BL)(v+BuPp)?

where the inequality results from the facts that v+ (285 —1)Pg > (8y — 1) Ps and v+ Sy P >

v+ (Bg + Pr — 1)Pp. Next, we argue that whenever v + (8 — 30)Pg > 0 and By — fr < 29,

(ﬁH*ﬁLﬂvﬂﬁH+5L*UFBHVNﬁHfﬁFE]__(%*ﬁH+5L

(1-BL)sPp(v+By PB) 26

Bu=Br)w+(Ba+Br—1)Ppllv+(By —95) PB]
(1-BL)6Pp(v+BH PB)

,BH when BH_6L<26
As a result, when Sy increases from Sy = [r, n is first zero. Then it equal to

(1-B)[v+(2BL+6—BH) Pp]? (1-B1)(26—Bu+B1)*Pp
2(1-Bg)[v+(Bg+6) P)? 46(1-B ) [v+(Br—9d)PBl"

is sufficiently large, n drops to 0.

)? increases in By . From the above analysis, we can

20—Ba+BL
28

easily obtain increases in [y, whereas ( )? decreases in

. As By keeps increasing, n becomes Finally, when Sy

_ (1—BL) [+ (281, +6—B) PR
When n = 5qb g S 6,55 Pol?

on . (1—8p)[v+ (Bu +96)Psllv+ (28 + 6 — Bu) Ps]

0By 2{(1—Bg)[v+ (B +0)Pg]*}?
{lv+ (28 +6 — Bu)Psl[v+ 3By + 6 —2)Pg] —2Pp(1 — By )[v+ (Bu + ) Pxl} .

, we obtain

The following term determines the sign of a%{:
v+ (28L 46 — Bu)Ppllv+ (38u +0 — 2) Pg] — 2Pg(1 — By ) [v+ (Bu +0) Pp. (A.12)

Clearly, if [v+ 38y + ¢ —2)Pp] <0, (A.12) is negative, thus we obtain 6'97%{ < 0. In addition, if

[v+ 38y +d—2)Pg] >0, we have v+ (268, + 9 — )P < v+ (By + ) Pp and

[v+ 38y + 6 —2)Pg]| —2Pg(1—By) =v+ (Bx —38)Pg +4(By + 6 — 1) Pp <0,
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2121 where the inequality results from v+ (g —30) Pp <0 and Sy + 6 < 1. Hence, (A.12), meaning that

2122 B‘Z—i < 0. In conclusion, When2ever n= “;giig?;ﬁf_%;}j;?ﬁ};gﬁ, n decreases in Sp.
2123 When n = 25(_1@5);5)6 [;f&j_% ;;;3], we have
On (1—BL)P5(20 — Bu +f1)
2124 — = x{=2(1— —9)P, 20 — 28y — 6 —1)Pgl}.
3 9B~ 21— BuPlo+ (Bu—oypop U2 T Pl P OB+ 0= Gt Pl + (2P =0 = U]}

2126 Similarly, it suffices to investigate the sign of the following term:
3138 —2(1—By)[v+ (B —0)Ps|+ (20 — Bu + Br)[v+ (285 — 6 — 1) Pp]. (A.13)

2120 If [v+(28g — 6 —1)Pg] <0, (A.13) is negative, thus we obtain a%; < 0. In addition, if [v+ (28 —
2130 6 — 1)PB] > O, we have v + (2BH -0 — 1)PB <v+ (BH — 5)PB and 2(1 — ﬁH) — (26 */BH +BL) =

2131 2— Py —Br —25 >0 since B+ < By + 9 < 1. Hence, (A.13) is negative, and we achieve on ),

BH
(1-B1)(26—Br+B1)*Pp
40(1-By)[v+(Br—9) PB]

2133 In summary, we have proven that whenever n is positive. it decreases in Sy. B

2132 In conclusion, whenever n = , i decreases in (.

2134 Now, we consider 7. Following Theorem 1, when Sy increases from Sy = 81, n is first zero. Then

165 Pp (B —Br) v+ (B +B8L—1)Ppl—(1—B1) v+ (281, +8—B) Pl
2(1-Bu){86Pg(v+By P)—[v+(Br+6)Ppl?}

2135 it equal to . As By keeps increasing, n is equal

1o Ba—BL)v+Ba+Br—1)Ppl _ (1-Br) (20—Bu+BL\2 : Bua—Br)v+(Ba+Br—1)Pp]

2136 to 5P (1 5 (1_61{)( HPL)?  finally it becomes (=B 5Ps :

2137 When 7 = Bu=8 ngvfﬁ(fl %;Z L_l)PB], it is straightforward to see that 7 increase in Sy. Second,
519 = _ (Ba—Br)v+(Br+Br—1)PB] (1-Br) (26—Br+BL \2 s _

2138 when n = 22 L5PB(1iI5H)L Bl (1_52)( ATEL)?, requiring By — B < 26, we have

- B (gi:g;; (25ﬁ;§+ﬁL)2> _ (1=B)25—Bu+B)(2— Bu—BL=25) _,
2140 08y 4(1— By %62 .

. = _ (Bg—Br)lv+(Ba+Br—1)Pr]  (1-8L) (20—Br+BL
2141 We conclude that whenever n = Pp(L=F) (1_5H)( o

160Pp (B —Br) v+ (B +8L—1)Ppl—(1—B1) [v+(28L+3—B) Pp)>
2(1-8x){86Pg(v+BH Pr)—[v+(Br+5)Ppl?}

2143 mnumerator, 160 Pg(B8y — Br)[v + (By + B — 1)Pg] — (1 — Br)[v + (281 + § — Br) Pp)?, increases in

2144 Bg. The denominator satisfies

O{(1—Bu){80Ps(v+ fuPp)—[v+ (Bu +0)Psl*}

)?, i increases in Bg.

2142 Finally, when n = , we can easily see that the

2145

9fu
2146 = (5PB)2 —6(5PB)(’U+6HPB)+6(5PB)(1 —BH)PB‘F(U‘F,BHPB)Q —2(1 _,BH)PB<U+6HPEBA>7 )
2147 14

2148 which can be viewed as a convex quadratic function of  Pg. The axis of symmetry is given by

A _ — _ 160Pp (B —Br)v+(Bu+BL—1)Ppl—(1—B1)[v+(281,+8—Bx) Ppl>
2149 0Pg =3[+ By Ps—(1—Bx)Ps] >0. When n = B HQ(lgﬂH){gngB(nggB)f[w(LBHM)Pg]Q} H) Bl

2150 we must have “H2HEPB « §Pp <y 4 By Pg. We want to show (A.14) is negative whenever “22FB ~
3 & 3

2151 0Pg < wv + BgPp. It suffices to check the sign at the two boundary points dPg = % and

2152 §Pg =v+ By Pp. In particular, we have

2153 (A']‘4)|5PB:U+5HPB = —4.(’0 + BHPB)[/U + (26}[ — 1)PB] < O,
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8
(A-14)|5PB:L+/3§1PB = —§(U + BuPg)* <0.

where the first inequality results from v+ (265 —1)Pg > v+ (By + fr — 1) Pg > 0. Hence, we obtain

(A.14) is negative when % < 0P <v+ By Pp, meaning that the denominator of 7 decreases

166 P (B —Br) v+ (Br+B1,—1) Ppl—(1—B)[v+(28L+8—Br) Pp)?
2(1-B){86Pp(v+Bu Pp)—[v+(Ba+6)Pp]?}

In summary, we have proven that whenever n is positive. it increases in Sy. B

in By. Thus, whenever n = , I increases in By.

Proof of Proposition 4
First, we derive the total player welfare under each of the selling strategies for casual games. We
define the total player welfare as PW = NyUgz + N UL, where Uy is the utility of a high-type
player and Uy, is the utility of a low-type player. We use superscript (A4, S, and H) to denote the
PAS, PSS, and regular HAS strategies respectively.

According to Lemma A.1 and the discussion in Section 3, under the PAS strategy, a type ¢ player
receives utilities that follow

BLPNa lfp:;:(l_ﬁl)(v—i_/ﬁLPB)’

Up=fuPy and UL:{BLPN+(5H—/3L)[U+(5H+5L—1)PB]7 if piy = (1= Bu)(v+ B Pp).

Under the regular HAS strategy, a type ¢ player receives utilities that follow

U, {BHPN+(1—BH)6PB, 2 if v+ (B — 36)Pg >0,
By Py + (1= By ) PHEHEAEL - if o (By — 36) Pp <0,
Br Py, if v+ (By —30)Pg >0 and € > 26
Up =1 BiPy+ (1— ) @=BitP P i 4y 4 (B —36) P >0 and € < 26
B Py + (1 — By) X @tbobudPal” g 4y 4 (B, — 38) Py <.

Notice that under the optimal regular HAS strategy, low-type players receive the same utility
from purchasing in advance and in the spot market. Thus, the above utility functions can be
derived from B3;Py + (1 — ;) E[(o; P + v — p%)*]. In other words, under the regular HAS strategy,
the utility functions can be expressed as Uy = By Py + (1 — Bu)E[(agPs +v — p%)T] and UL, =
BrPy+ (1—Br)E[(arLPg+v—ps)T].

Under the PSS strategy, a type ¢ player receives utilities that should be given by

Un = BuPn+ (1 - Bu)E[(agPs+v—p5)T] and Uy =Py + (1 - BL)E[(arPp+v —pg)7]

where

BiPp+v—ps, ps<(Bi—96)Pp+v
X _ 2
E[(a; Pg+v—ps) ") = W, (Bi —0)Pp+v<ps<(Bi+0d)Pg+v

Following Lemma A.2 and Lemma A.3, we can easily see that the regular HAS strategy charges

a higher spot price pg than the PSS strategy. Combining with the above analysis, we conclude that
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2186 Uy and Uy will be higher under the PSS strategy than the regular HAS strategy, implying that
2187 the total welfare under the regular HAS strategy will be smaller than that under the PSS strategy.
2188 Therefore, when nN;, < Ny < anlNy, although the regular HAS strategy maximizes the firm’s profit,
2189 the total player welfare will be higher under the PSS strategy.

2190 Second, when Ny > nNy, the total welfare under the PAS strategy is equal to

3184 PW# =By PyNy + {BLPyn+ (Bu — Br)[v+ (Bu + B —1)Ps|BLPn} Ny,

2193  whereas the total welfare under the HAS strategy is equal to

2194 PWH
[ﬁHPN —+ (1 —,BH)(SPB]NH +/BLPNNL7 lf v+ (,BH — 3(;)PB Z 0, € Z 25,
2195 = [5HPN+(1—,BH)(5PB]NH+{5LPN+(1—,8];)%}]\&, 1fU+(,8H—35)PBZO, 6<25,
2 2
2196 (B Py + (1= B ) PHGEDIEBL Ny {81, Py + (1 — B ) PHEPLE BB N, - if 0 + (B — 36) P < 0.

2197 Following the definition of 71, we obtain that PW# > PW# when Ny > nN;. That is, although the
2198  PAS strategy results in a higher firm’s profit, the regular HAS strategy results in a higher player
2199  welfare, further implying from above that the PSS strategy results in the highest player welfare.
2200 Lastly, when Nz < nNp, the PAS strategy is optimal. The corresponding total player welfare is
2201 equal to PWA = By Py Ny + B.PyNy. Clearly, PW4 < PW?. That is, the PSS strategy results in
2202 a higher player welfare than the PAS strategy,

2203 In conclusion, we have proven that the PSS strategy leads to maximal player welfare. Thus, for
2204 casual games, there cannot exist a selling strategy that leads to both the highest firm’s profit and

2205 the highest players’ welfare. ll

2206 Proof of Proposition 5

2207 We derive the total player welfare under each of the selling strategies for hardcore games. First,
2208 the total welfare under the PSS strategy, denoted as PW?*, is the same as the one in the proof of
2209 Proposition 4. In addition, the total welfare under the regular HAS strategy (if exists), denoted as

2210  PW*H  is also the same as the one in the proof of Proposition 4.
Y

2211 Following Lemma A.5, under the PAS strategy, a type i player receives utilities that are given
2212 by

P if p, = (1— P
2213 Uy = PP, " Pa (1=Bu)v+Bulp), g U, = B, Px.
2214 BuPn + (Bu — Br)l(1 = Bu — Br)Pp —v], if piy=(1-pL)(v+BLPp),
2215 Under the reverse HAS strategy (if exists), a type i player receives utilities that follow:

]2

2
B Py + (1= By ) O B0 - if 4y 4+ (28 — By, — 30) Py < 0.

2916 U {ﬁHP N+ (1 — By ) HCEE=fL=0FE] - if 4 4 (28 — B, — 30) P >0,
22410 H pry
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[v+ (B +6)Pg)?

U,=8Pv+(1—p51) 1657,

We start by showing if the regular or reverse HAS strategy exists, it leads to a higher player
welfare than the PAS strategy. That is, PW# > PW# and PW®# > PW4. Note that the utility of
a low-type player is U, = B Py under the PAS strategy and it is smaller than that under the regular

rs (1-81)(v+BL PB) s :
or reverse HAS strategy. In addition, when N > =) —Fr P P =] Ny, the utility of a high-

type player is Uy = By Py under the PAS strategy which is also smaller than that under the regular
(1-BL)(v+BLPp) A H
or reverse HAS strategy. Hence, when Ny > BP0 —Bn 51 Ps =] Ny, we have PW# < PW* and
PWA < PWEH,
When Ny < T 7(‘;;)%)7(;;67 Lﬁ?ﬁ%w] Ny, the utility of a high-type player is given by Uy = By Pn +
(1—By)(v+ BuPr) — pY. In order to prove PW4 < PWH and PW4 < PWEH it suffices to prove

(1-8L)(v+BLPpB) N
Bu—B)(1—Br—BL)Pp—v] " L

under the PAS strategy, we have p% = (1 — 5.)(v + B Pp). Following Lemma A.4, it is straight-

the advance sale price p’ is highest under the PAS strategy. If Ny < 0

forward to see that p* is higher under the PAS strategy than under the regular HAS strat-

egy. Therefore, we conclude PW# < PWH. Under the reverse HAS strategy, we have p’ =
1— [U+(5L+5)PB]7 if v+ (28 — Br —36)Pg >0,
o ; [v+ (8 -840 PP ip (26w =1, ~30)Pg 2 - Clearly, (1-¢) = (1-
(1—Bu)[(v+ puPp) — oS |, ifv+ (28 —pL—30)Pp<0.

Br) and (v+ [ Pg) > %;‘S)PB] since 1, > 0. Moreover,

v — 2
8[(1} +/BHPB) —1 +(251€65%B+5)PB] ] . —['U + (25}[ — BL — 35)PB]
9Bu B 49

Therefore, if v+ (28y — B, —30) Pg < 0, under the reverse HAS strategy, p% = (1—u)[(v+BuPs) —

[v+(285 —BL+8)Pp)?

oA | satisfying

[v+ (26 — B +6)Pg|? [v+(26L — Br+0)Pg)?

160 Py ]

(1= Bu)[(v+BuPp)— ] <1 =Bu)l(v+BLPr) —

160 Pg
_ [v+ (8L, + ) Pg)?
=1 =Bu)(v+BcPs) — 165, ]
< (1 _ BH) [U + (6L2+ 5)PB]

<(1-B1)(v+ BLPp).

As a result, p* is higher under the PAS strategy than under the reverse HAS strategy. We conclude
PWHEH > P4,

So far, we have shown PW¥# > PW4 and PWEH > PW# when the regular or reverse HAS
strategy exists. Finally, we prove that when neither the regular or the reverse hybrid exists, under

certain conditions, there is a threshold < ——GPLWIBLPE) __ gych that PWA > PWS if INy <
(Ba—BL)(1—By—BL)Pp—v]

(1-Br)(v+BrPB)
Np < (/3H—5L)[(1—5H—5L)PB—U]N ’
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(1—Br)(v+BLPR) : K
When Ny > (BH*ﬁL)[(Ii*BH*LBLﬁpB*U] Ny, following Lemma A.5, we have p* = (1 —fg)(v+ BgPs)

under the PAS strategy, resulting in

PWA =By PyNy + B,PyNy, < PW?.
(1-Bp)(v+BLPB)

(B —BL)(1=Bu —BL)Pp—v]
welfare than the PAS strategy.

(1-Br)(v+BLPR) :
When Ny < B —Fr —51) P o] Ny, we achieve

That is, whenever Ny > Ny, the PSS strategy will lead to a higher player

PW* —PWS =8y — B)[(1 — Bx — B1)Ps — v] Ny
— (1= Bu)E[(en Pp +v—ps) Ny — (1= Br)E[(ar Ps +v —p5) "IN,

which can be viewed as a linear function of Ny. Clearly, at Ny =0, (PW# — PW9)|y, -0 <

0. However, as Ny approaches to i ﬁH—(;L_)/[S(ﬁ)—(;;é Lﬂiﬁl)DB_v] Ny, it is possible that (PW#4 —
PWS)\NH_> (1-B8L)(v+BL PR) > 0. For example, consider an instance with Py =3, Pg = 2,

Bu—B(1—-Bg—Br)Pg—v] L
B =0.3, B, = 0.1 and ¢ = 0.02. One can verify that (PW#4 — PW?9)| A-B B PR) o >
Bu—B(0—Bg—Br)Pg—v] 'L

0 in this case. For sake of the appendix length, we do not present the algebra.
As a result, if (PW4 — PW¥)| (1-8.)(v+BLPp) <0, it implies PW# — PW*% < 0

Bu—B(0—-Byg—Br)Pg—v] " L

(1-B8L)(v+BLPR) A s
whenever Ny < ——=ih=g "85 —5 Ni. But if (PW4 — PW?®)| — (BlL)[[B(IiM;;BLﬁ]ZEI)DB v >

0, we can conclude that there exists a threshold ¢ such that PW4 > PW? if tN;, < Ny <

(1-Br)(v+Br P) N
(Br—Br)[(1=Bu—BL)Pp—v]

In summary, we have proven that if the optimal HAS strategy exists, it results in a higher player

welfare than the PAS strategy. That is, PWH > PW# and PW%H > PWA4. Therefore, the PAS

NH—>

NH—>

NH—>

strategy yields the firm it’s highest profit but player welfare is not maximized. If the optimal
HAS strategy does not exists, when (PW# — PW¥)| (1-B)(v+8L Pp) > 0, there exists
Bru— B%(Kl BH— BL)PB oL

a threshold 7 such that PW# > PWS if IN;, < Ny < 5 GHLI8— N, . That is, the PAS

strategy is a win-win strategy for the firm and players when the ratio Ny /Ny is moderate. B

Proof of Proposition 6
Suppose the firm charges a personalized price in the spot market. The PAS strategy shuts down
the spot market, thus the optimal PAS strategy is not affected. The optimal revenue under PAS
strategy is given in Lemma A.1 for causual games and in Lemma A.5 for hardcare games.

If the firm adopts a PSS strategy, it chooses pg(a) to maximize its profit from the spot market.
Note that the player utility from purchasing bonus actions in the spot market is given by u® =
v+ aPp — ps. As a result, the optimal price that the firm can charge is p%(«) = v 4+ aPg. The

corresponding optimal revenue is

I1°%° = Ny (1 - B )E[ps(au)] + No(1 — B)E[ps(ar)] = Ng(1 = Bg) (v + BuPs) + Np(1 — ) (v + BLPp).
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2284 If the firm adopts a regular HAS strategy, following the same argument above, the optimal spot
2285 price that the firm can charge is p%(ay) = v+ ay Pg. The advance purchase price p4 must satisfy
2286 the constraints (6) and (7). Hence, the optimal advance purchase price is p* = (1 — 1) (v + 1 Pg).

2287 The corresponding optimal revenue is

3388 7% = Ny (1 — Bur)E[ps(an)] + Noply = Ng(1 = Br) (v + BuPg) + N.(1— B1) (v + 8. Pp).

2290 Similarly, if the firm adopts a reverse HAS strategy, the optimal spot price that the firm can
2291 charge is p§(ay) =v+ arPg. The advance purchase price p, must satisfy the constraints (9) and
2292 (10). Hence, the optimal advance purchase price is p% = (1 — Bg)(v + Bz Pg). The corresponding

2293 optimal revenue is
3394 TP = Npp + Np (1 = Bo)E[ps(ar)] = Nu(1 = Bu) (v + BuPp) + NL(1 — ) (v + BLPp).

2296 Finally, for causal games, we assume [ > (1 — Bg) — ==. It implies that (1 — 5;)(v+ B Pg) >
2297 (1 — By)(v + BuPg). Therefore, we conclude that I157% = HH ps > T4, For hardcore games, we
2208 assume 7 < (1 — fBy) — 5= It implies that (1 —B)(v+ BLPp) < (1 — Br)(v+ BuPp). Therefore,

2299  we conclude that I197s = [17Hrs > 114, A

2300 Lemma A.7 For casual games, if the firm commits prices that induces low-skilled players purchase

2301 before the attempt but high-skilled players purchase after failing the attempt, the optimal spot price

2302 s

CRACLASRZS if €>28 and v+ (By — 30)Pg <0,
2303 pg= NL(liﬁL)[Hz(\fﬁLL(Jlré)ﬁi%]sz]zvv?{((ll %Z))[M(ﬁHM)PB if €< 20 and v+ (By —36)Pp < NL (5L +26 — fu)Pp,
2304 v+ (Bu —06)Pp, otherwise.

2305 The optimal advance purchase prices satisfies py = (1 — Br){v+ BrPp — E[(v+ arPp — p%)*].

2306 Proof of Lemma A.7: The firm’s optimization problem is given by

2307 pAgl)E;};mH(pA’pS) :=paNp +psNg(1—Br)E[l(v+ aygPg —ps >0)] (A.15)
2308 s.t. pAS(1—ﬁL){U+,8LPB—E[<U+04LPB—])5)+]} (Alﬁ)
3399 pa> (1= Bu){v+BuPs—E[(v+anPs—ps)]}. (A.17)

2311 The objective function (A.15) increases in p4. Hence, ps must reach the upperbound in (A.16) at
2312 optimum. We replace p, by the upperbound and the objective function becomes a function of pg

2313 that is
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Suppose By — 0 > B + 6, we have

(A.15) =

Ny,
Ny
Ny

Ny

(
(
(
(1

1—
1—
1—-

Br)rs +psNu(l—Bu),
[v+(BL+6) Pg—ps)?

Br){v+pLPp — 5P

Br)(v+ BLPp)+psNu(1—By),
(Br+o-L5==

—Br)(v+ BrPs)+psNu(1—Bu)

(N(1—=8L)(v+BLPE),

}+psNu(1—Bg),

28

v

B

)

)

if ps <v+ (8L —90)Ps,
if v+ (8, —0)Pg <ps<v+(Br+0)Ps,
lf1}+(ﬁL+5)PB <p5S’U+(,BH—(5)PB,

if v+ (B —0)Pp <ps <v+(By+9)Ps,
if ps >v+ (By +9)Ps.

We can easily see that (A.15) increases in ps when ps <v+ (8., —)Pp and v+ (8L + ) Pp < ps <

v+ (Bu — 6)Pp. Furthermore, we obtain

d [’U—l—(ﬁL‘F(S)PB_pSP
dpS{NL(l—ﬁL){U"‘ﬁpr_ 46 Py
_ Ni(1—Br)[v+ (B +6)Pp — ps] + Nyg(1—By)

20 Pp

a1 )

(A.18)

which is positive when v+ (8, — )P < ps < v+ (B + 0)Pg. Thus, (A.15) increases in ps when
v+ (B —0)Ps <ps <v+(BL+9)Pp.

Lastly, when v+ (g — 0)Pg < ps <v+ (B + 0) Pg, we have
(Bu+06—

d
dps

In particular,

{NL(l —BL)(w+ BLPs) +psNu(1l—Bu)

(A19)|pg=vr(8y—s)Pp =

(A'lg)’ps:er(ﬁHH)PB =

ps—v
PB )

Nu(1—Bu)v+ (Bu +0)Pp — 2ps]

26

}:

Ny(1—Bu)[v+ (B — 35)PB]

20 Pg
(A.19)

20 Pp

Nu (1= Bu)[v+ (Bu +0)Ps|

<0.

26 Py

In conclusion, if v+ (B — 36)Pg > 0, (A.15) increases in ps when ps < v+ (S — §)Pp and

decreases in pg when pg > v+ (Bg — §)Pp. So the optimal spot price is p§ =v+ (Bg — §)Pp. If

v+ (By —30)Pp <0, (A.15) increases in pg when ps < v+ (By —§) Pp, increases and then decreases

in pg when pg > v+ (85 — d)Pg. The optimal spot price is solved from the first-order condition

d
dps

which results in pg =

{NL(l —BL)(v+BrPs) +psNu(1—Bu)

(B +9—

bs—v
b )

Ny (1—Bu)lv+ (Bu +0)Pp — 2ps]

v+(Br+9)Pp
2

Suppose By — 0 < B + 6, we have
(NL(1—Br)ps +psNu(l = Bu),

(A.15) =

Ny
Ny,

N
kNL

(1
(1

1

(

— Bu){v+ BLPg [v+(/3L+6)PB—ps]2}+pSNH(1 — Bu),
B+ B Py — Ot act
+psNg(1—By) (ﬁHH;;RZ;
1—-8L)(v+BLPp)+psNu(l—fBu) ﬁHHQ(;prv),
1—3L)(v+ BLPg).

20

}:

Bv)

9

20 Pp =0,

if ps <v+ (8L —90)Ps,
if v+ (B —0)Pp <ps <v+(By —9)Ppg,

lfU—f-(ﬁH—(S)PB<p5§U+(ﬁL+(5)PB,

1f1}+(ﬂL+5)PB <p5S’U+(,BH+(5)PB,
ifps>U+(,3H+5)PB.
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Clearly, (A.15) increases in ps when pg <wv+ (8 — 6)Pg. The above analysis further shows that
(A.15) increases in ps when v+ (8, — ) Pp < ps <v+ (By —9)Ps.

Following the above analysis, when v+ (81, + )P < ps < v+ (8y + )P, the derivative of the
objective function is given by (A.19). And we have

N (1= B)v+ (260 +6 — Bu)Pp)

(A'19)|Ps:v+(/3L+6)PB = — 55D, <0,
Nu(1—=Bu)lv+ (Bu +0)P
(A1 ey =~ 2Ll On £0e]

The first inequality comes from the assumption 8y —d < 51+, equivalently B < Br +28 < 261 +9.
Therefore, (A.15) decreases in ps when v+ (8r +§)Pg < ps <v+ (8g +9)Ps.
Finally, when v+ (8 — §)Pg <ps < v+ (8L + 0) Pg, we have

d

e Pu+o—E=
m{NL(lﬁL){UﬂLﬁLPB[U—i—(ﬁLI(SiE:B B }+pSNH(175H)( : 20 - )}

Np(1—Br)[v+ (B +6)Pp — ps] I Ny (1—Bu)[v+ (Bu +0)Pp — 2ps]
26Pg 26 Pg '

(A.20)

In particular,

Np(1—=8.)(Br+20—Bu)Ps _ Ny (1—Bu)v+ (Bu —39)Pg]

(A-20) st 3y 175 = bt o |
Ny(1—Bu)v+ (260 +6 — Bu)P
(A20) ey oy = — LI IO Bl

In conclusion, if N (1 —38.)(Br +25 — Br)Ps < Ny(1 — By)[v+ (Ba — 30)Pgl, (A.15) increases
in ps when ps < v+ (Bg — d)Pp and decreases in pg when ps > v + (B — 0)Pg. So the optimal
spot price is ps =v+ (By —6)Pp. If NL.(1—B1)(Br +20 — Bu)Pp > Nu (1 — Bu)[v+ (Bu — 30) Psl,
(A.15) increases in ps when ps < v+ (Bg — §)Pp, increases and then decreases in ps when pg >

v+ (Bg — ) Pg. The optimal spot price is solved from the first-order condition

d

8)Pp — ps]? (Br 46— B==)
Ozdnq{NL(l—ﬁL){U‘f‘ﬁLPB—[U—i—(ﬁLl—MgBB pS]}‘f‘psNH(l—ﬁH) o 2 = }

Np(1—Br)[v+ (Br +6)Pp — ps] n Ny (1—Bu)[v+ (Bu +96)Pp — 2ps]
26Pg 20 P ’

Np(1-Bp)[v+(Br+8) Ppl+ Ny (1-By)[v+(Bg+9)Pp
Np(1-BL)+2Ngy(1-BH) ’

To sum up, following the analysis above, we conclude that the optimal spot price under com-

which results in pg =

mittment is

vt By t+d)Pp if €>26 and v+ (By —39)Pp <0,

2
pg _ NL(1—/3L)[U+(5L+5)PB]+NH(1—ﬁH)[’U+(5H+5)PB7 if e< 2 and v+ (51{ _ 35)PB < M(IBL + 25 — 5H)PB;

Np(1-BL)+2Ng (1-BH) Ny (1-B8g)

v+ (Bu —0)Pp, otherwise.
|
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2372 Proof of Proposition 7

2373 Following Lemma A.2 and Lemma A.7, p’®"*"" = (1— ) {v+ B Ps — E[(v+ ayPg — pg™"*™)*]
2374 and pi"" = (1—Bp){v+BLPs —E[(v+arPs—pg®"™")*]. Notice that the function (1 —3.){v+
*,commit > p* dynamzc

2375 B Pp — E[(v+ arPg —ps) '] increases in pg. As a result, it suffices to prove pg

2376 We have

9377 p* dynamzc o %7 if v + (/BH - 36)PB < Oa
s ° v+ (B —8) Py, if v+ (Bu —30)Pp > 0.
2379 and
v+Batd)Ps if €>26 and v+ (By —38)Pp <0,
2380 p*smmm“ — ) Ne(= ﬂL)[U—F](\/BLL(T&)ﬁPLE;]-&-—;]yVZ((ll %Z))[U+(BH+5)PB’ if e <26 and v+ (By — 30) Pp < Np(1— BJ]\JIL(?{J*_;S) BH)PB
2381 v+ (By —8)Pp, otherwise.

93892 When € > 26 we obtain that p* ,dynamic — pg,commzt and thereby p* ,dynamic — p:chommzt
2383 When € < 20, we have pg™"*™ = pg®m™m™t — 4 + (By — 6)Pg if v + (By — 30)Pg >

oo N 5 P N 5 P %, d ic
2351 MLUPLGLARPiIPE 1f 0 <o + (By — 30) Py < MU0 Bmiln gydunamic — g 4 (B — 6) Pp

*,commit _ Ny (1—Bp)[v+(B+8)Ppl+ Ny (1—By)[v+(Ba+9)Pp : :
Ny (1—;,)+2N 7 (1—Br) from which we obtain

2385 and pg

*,commit p*,dynamic_ NL(l _511)(6[/ +26—6H)PB _NH(l _IBH)[U+ (IBH _36)PB]

2386 P = > 0.
2387 s s Np(1—B)+2Nu(1 - Br)
2388 Lastly, if v + By — 30)Pg < 0, pg dynamic - v+(Bu+0)Pp H;‘S)PB and pg’commit =

Np(1=Bp)v+(BL+8) Ppl+ Ny (1—-By)v+(By+3)Pp
Np(1-BL)+2Ng(1-BH) )

2390 Bg < Br +20 <28+ 6. Thus,

9391 p* ,commit p* dynamw: NL(l_/BL)[U+(2BL+6_IBH)PB]
2392 5 5 2[Np(1—Br) +2Nu(1— Bu)]

*,commit > p* ,dynamic

2389

We assume that € = By — B < 20 which implies

> 0.

*,commit *,dynamic
>pi™ .

2393 In conclusion, we have shown pg and correspondingly p’
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