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Spending time in virtual spaces is a growing part of the human experience. We study the design
of virtual spaces in a video game context, with an emphasis on understanding how people spend
more or less time enjoying these spaces. People enjoy spending time immersed in a video game world
but also want a sense of achievement. When deciding how to chart a meaningful path through a
virtual world, game players confront a series of choices. An effective design of a virtual world must
balance two things. First, the world should be flexible to differing time budgets of players. Second,
complex designs can overwhelm players with decision fatigue. We model virtual world design as a
graph design problem. We find a polynomial-time algorithm when decision fatigue depends only on
the number of vertices and paths in the graph. The algorithm uses an elegant optimality condition:
optimal world maps have a “side-quest” tree structure that is amendable to an efficient inductive

construction.
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1. Introduction

Virtual worlds are becoming an increasingly more significant part of the human experience. News
outlets talk of the “metaverse” as the next stage of evolution in technology.! Lockdowns during
the COVID-19 pandemic only accelerated interest in virtual worlds. Technology and entertainment
companies are investing to learn how to design this new frontier.?

But none of this is entirely new. The video game industry has explored the design of virtual
“worlds” for decades. Game developers have designed interactive worlds that capture the sustained
attention of players. This is one of the fundamental goals of effective video game design.?

! https://connectedworld.com/metaverse-the-evolution-of-the-internet/

2https://www.makeuseof . com/companies-investing-in-metaverse/

3 See, for example, Schell (2019) for a textbook treatment of video game design principles.


https://connectedworld.com/metaverse-the-evolution-of-the-internet/
https://www.makeuseof.com/companies-investing-in-metaverse/
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2 Li, Ryan, Sheng, and Wong: Optimal world design

Figure 1 The world map of the video game Chip n’ Dale Rescue Rangers released in 1990 by Capcom for the

Nintendo Entertainment System.
fig:chip-n-dale

Designing interactive worlds is complex. It involves computer programming, artistic design, story-
telling, economics, sociology, and psychology (Schell 2019, Hiwiller 2015, Hodent 2020, Kremers
2009, Totten 2017). A comprehensive treatment is beyond the scope of any one mathematical
model. Here, we study a stylized problem that may serve as a foundation for further research. We
state the problem now.

A game design team has prepared a set of game elements (levels, encounters, puzzles, etc.). Our
focal design question is how to arrange the game elements into a “map”.

Let’s make things concrete. Consider the world map in Figure 1 from the classic game Chip
n’ Dale’s Rescue Rangers released by Capcom in 1990 on the Nintendo Entertainment System.*
Here, the game elements are levels labeled A through G. Players can pass through the world along
different paths: ACDFG, BDFG, ACDEFG, etc. The arrangement of levels in this map raises many
questions. Why must players tackle level A before C but can go to level B directly? Why make
level E optional? Why give the players so many options for paths to level G?7

Chip n’ Dale’s is an example of a nonlinear world map, in the terminology of game developers
(see, for instance, Schell (2019)). Nonlinear maps give players choices on how to proceed through
the game. In a graph encoding, a nonlinear world map is one with more than one path for players
to navigate the world. Linear gameplay is when the player has no choice, corresponding to a linear
graph. While linear gameplay is common, nonlinearity is the mainstay of video game design.”

The degree of nonlinearity varies across different types of games. While Chip n’ Dale offers
choices to players, these choices are limited. At the far end of the spectrum of choice are sandbozx
4'We use this example to illustrate our setting vividly. There are, of course, many recent examples of video games

with similar world maps. See, for example, Bad North released in 2018 on multiple platforms, and the Plants versus
Zombies series released from 2009 until the present day on all major platforms.

5 Of the top 100 most popular video games on IGN, upwards of 90 of those games have nonlinear designs. Accessed
on 27 December 2022 at: https://www.ign.com/articles/the-best-100-video-games-of-all-time


https://www.ign.com/articles/the-best-100-video-games-of-all-time
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Li, Ryan, Sheng, and Wong: Optimal world design 3

games like the Grand Theft Auto series. Sandbox games allow players to explore an “open” world
with very few restrictions. This yields a nearly limitless number of paths.

This raises a simple research question. What is the ideal “degree of nonlinearity” in a video game
world? Should players have a lot of choice or little? How to arrange game elements to augment
or limit choice? To answer these questions, we need to think carefully about the implications of
nonlinearity.

A clear benefit of nonlinearity is flexibility for players. Nonlinearity offers many ways to interact
with the game.® The traditional base of video game players was young people with a lot of free time.
But games have grown to welcome a much more diverse player population. In particular, these
players differ in the amount of time they have to play.” Nonlinearity allows different types of players
to engage with different intensities, offering a multitude of ways to gain a sense of accomplishment.
Linear games may demand a significant time investment to reach a satisfying conclusion. Players
have no choice but to pass through all game elements. By contrast, players of nonlinear games may
only interact with a subset of elements to reach a satisfying conclusion.

In this way, nonlinearity offers a stark contrast between games and other entertainment genres.
A meaningful conclusion of most modern television series requires watching every episode in order.
Watching a subset of episodes leaves the watcher confused or without closure. Video games offer
both choice and a sense of completion.

Presented with choice, players need to assess what parts of the game to tackle, given their
limited budget for playing time. Managing time is central to many service design problems. See,
for example, Tong et al. (2017), Song et al. (2020), Ruiz-Meza and Montoya-Torres (2021). But
managing time in video games has its own subtleties. Players get utility for their time playing
the game. But playing too long without resolution builds impatience and frustration. An easy
solution to this trade-off is to offer all available content in every possible order. Players can select
as few or as many game elements as they like in navigating the world. This design is uncommon
because offering all orderings gives rise to complex worlds. Imagine the Chip n’ Dale map with
every possible path to area G. It would be an eyesore.

This leads to our third consideration: decision fatigue. Overwhelmed with many decisions, players
experience disutility from mental exertion. Weighing many possibilities leaves players exhausted,
6 We should note that nonlinearity also encourages replayability. Different playthroughs unfold the game differently.
This can increase the perceived value of a game. While these benefits are of interest in general, we do not model

them. As the reader will see, the problem we focus on is already difficult to describe and model. More enhancements
will be welcome improvements for future work.

7 For more information about the diverse base of video game players, see the 2020 industry report of the Entertainment
Software Association (ESA): https://www.theesa.com/wp-content/uploads/2021/03/Final-Edited-2020-ESA_
Essential_facts.pdf. The ESA is the largest industry association of video game developers.


https://www.theesa.com/wp-content/uploads/2021/03/Final-Edited-2020-ESA_Essential_facts.pdf
https://www.theesa.com/wp-content/uploads/2021/03/Final-Edited-2020-ESA_Essential_facts.pdf
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4 Li, Ryan, Sheng, and Wong: Optimal world design

Figure 2 A side-quest tree.

fig:side-quest-tree-intro

especially as most players view gaming as a leisure activity. Decision fatigue is well-studied in
psychology. See, for instance, Kahneman (2011), Vohs et al. (2018), Augenblick and Nicholson
(2016), Ma et al. (2021)). To our knowledge, no prior research has developed a mathematical model

for decision fatigue in the graphical context we study here.

Let’s restate our research question in light of the above considerations:

Research question: How to design a map of a virtual world to maximize player enjoyment?

The design must balance the utility of play, the disutility of playing too long without resolu-

tion, and decision fatigue. It must also consider different time budgets among players, a key

differentiating factor among the evermore diverse gaming population.
We cast this question as a graph design problem. Vertices encode game elements, and edges encode
precedences among elements. The resulting graph design problem is not standard. To our knowl-
edge, the objective function—maximizing player enjoyment—has no precedence in the graph design
literature.

The first nontrivial case of the world design problem one may consider is when decision fatigue
is a function of the number of vertices and paths (and not edges). In this case, we establish a
sufficient condition for the optimality of a world map called the side-quest tree structure illustrated
in Figure 2.

A side-quest tree has the distinguishing feature of having many paths to the “concluding” game
element (labeled in the figure by 7), but these paths build on one another. The name “side-quest”
refers to the fact that there is a “main” path to the world’s conclusion (the shortest path to ),
but there is an option connected set of “side quests” that can be done in addition to the “main”
path. For the precise definition of a side-quest tree, see Definition 2.

The side-quest tree optimality structure allows us to compute optimal world maps in polynomial

time in the case where decision fatigue is a function of the number of vertices in the world map
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and the number of paths. The polynomial-time algorithm leverages an “augmenting path”-like
argument reminiscent of classical combinatorial optimization problems.

We also show that if we consider a decision fatigue function that also depends on the number of
edges, side-quest trees are no longer optimal. We show this by giving an example of a non-side-quest
tree graph that provides better expected utility than any side-quest tree. When decision fatigue
depends on the number of edges, a structure with “interweaving side paths” (see Figure 6(b)).

We leave it for future research to discover the optimality structure for more general settings, but
our initial attempts suggest this is challenging.

The rest of the paper is organized as follows. Section 2 describes related work in video game
design, the design of experiential services, and service network design. Section 3 introduces our
model across three subsections. In Section 3.1, we introduce the novel graph theoretical concept
of “world maps”, which is a building block for defining the optimization problem of players (in
Section 3.2) given a world map, and the bilevel graph design problem of the game designer in
Section 3.3. In Section 3.2, we describe another key novel feature of our optimization setup, the
player utility functions, which involves utility from play, impatience, and decision fatigue.

Section 4 contains our analysis of side-quest trees (defined in Section 4.1). We offer a polynomial-
time algorithm to compute optimal side-quest trees in Section 4.3. Section 5 is a brief section that
illustrates that side-quest trees are no longer optimal in more general settings.

We should stress here that this paper raises many more questions about world design than it has
scope to answer. We admit that the optimality of side-quest trees is not necessarily an immediately
“actionable” practical design for a video game, but it nonetheless tells us something about the
nature of optimality structures. If anything, we view our work as a stepping stone, rather than a
definite conclusion, to the world design problem.

In this spirit, we provide an extensive list of possible extensions in our concluding section. We
believe this raises an interesting possibility for a whole genre of optimization problems inspired by
games— “combinatorial optimization problems for fun”—that take classical discrete optimization
problems where the objective is no longer minimizing cost but maximizing the “fun” of finding
and implementing an optimal solution. We believe this to be a new, and potentially exciting, area
for operations researchers to explore. As the analysis in this paper illustrates, this direction is far

from trivial to pursue.

2. Related Work secilit-review
This paper contributes to the growing literature in operations management, information systems,
and marketing on video game design (Chen et al. 2021b, Han et al. 2023, Li et al. 2023, Ryan et al.
2020, Vu et al. 2020, Huang et al. 2019, Ascarza et al. 2020, Guo et al. 2019a, Sheng et al. 2022,
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Guo et al. 2019b, Turner et al. 2011, Jiao et al. 2020, Meng et al. 2021, Huang et al. 2020, Appel
et al. 2020, Runge et al. 2021, Chen et al. 2021a, Mai and Hu 2023). Of that literature, the one
most closely related to ours is Li et al. (2023). In that paper, the authors are given a set of game
elements with different levels of rewards and difficulties and sequence them into a linear design.
That is, their study does not consider the possibility of nonlinear gameplay. This is the major
point of departure in our study: we consider nonlinear gameplay and the possibility that different
papers proceed through the game elements in different amounts of time. This is an orthogonal
consideration to this earlier paper.

Our study also relates to the growing literature on the design of experiential services (see, for
example, Das Gupta et al. (2016), Li et al. (2022), Roels (2019), Baucells and Sarin (2007)). These
papers examine scenarios where a set of possible service interactions are arranged to maximize
customer satisfaction. In the video game, these service interactions are our game elements. Most
of the papers in that area examine “linear” scenarios similar to Li et al. (2023). Of these papers,
the closest is Aouad et al. (2022), which studies the layout of museums from an optimization
perspective. In both settings, we are interested in exploring the design of spaces for customers to
explore, but our goals are different. In Aouad et al. (2022), their design problem is to maximize
the expected lengths of visitor’s paths using probabilistic data derived from real visitor sojourns
to design expectations over random player behavior. Our setting has a different objective function
(maximizing expected player utility). This yields a fundamentally different optimization setting.

Another area of research with many similarities to ours is trip design, initiated by (Tsiligirides
1984) with extensions studied until the present day (see, for instance, Yu et al. (2021), Gunawan
et al. (2016), Song et al. (2020), Ruiz-Meza and Montoya-Torres (2021)). Similar to the museum
design question of Aouad et al. (2022), these papers examine how to arrange stops on a tour in
order to maximize the benefit to tourists without exceeding a time budget. Our major point of
departure is that we allow players to self-select their route through the world map to maximize
their own utility, something not considered in previous papers in this research stream. This makes
our problem quite different than existing work, as it allows for the possibility of multiple paths

taken by multiple players with differing objectives.

3. Model sec:model
Our model is established across three subsections. First, we construct the “world map” concept, an
ingredient in both the player’s and game designer’s problems. These two problems are the subjects
of the following two subsections. The final optimization problem is a bilevel graph design problem

incorporating the decisions of both the players and the game designer.
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3.1 World maps

ss:world-map-setup
A game designer must arrange a given set of game elements (levels, encounters, puzzles, etc.) into
a world map. We model a world map as a graph. Vertices correspond to game elements. Edges
correspond to connections between game elements.

The set ¥ denotes all available game elements. We use v or w to denote game elements as
needs arise. There are two special vertices: 1 and r. The vertex 1 is a game element designated as
the “start” of the game. Examples include opening cinematics, introductory puzzles, or character
creation tools. The vertex r denotes the final game element. Examples of r include concluding
cinematics, final boss fights, or challenging final puzzles. For concreteness, we set ¥ := [N]U {r}

where

N — ‘7/| . 1 7eq:deﬁne(l]\f)l

and the notation [N]:={1,2,..., N}. In other words, the vertices in ¥ have the labels r,1,2,..., N.

After completing a game element v, players travel along an edge from v to another game element
w. We may think of the edge (v,w) as a door or path. The interpretation depends on the fiction
of the game. Edges are directed, establishing precedences between the game elements. We let £
denote the set of all edges and use the notation e to denote a generic element of £. We also use the
notation (v,w) for edges to specify the starting vertex v and ending vertex w. The starting vertex
1 only has outgoing edges, while the ending vertex r only has incoming edges.

We let % denote the universe graph that has vertex set ¥ and edge set &. We take the universe
graph to be the complete graph on ¥. A world map G = (V,E) is a subgraph of the universe
selected by the game designer. That is, V C ¥ and E C &.

To be a world map, G must satisfy additional restrictions. First, G must be a directed acyclic
graph (DAG) of % . Under the DAG property, players cannot revisit game elements once completed.
This is a common design mechanic. If each game element spends a given “time” in the fiction of
the game, repeating an element can disrupt the storyline. Even when revisiting makes sense to the
story, players are often averse to backtracking through known terrain.® Without too much loss, we
restrict attention to acyclic world maps.

Second, in a world map, all edge choices by players lead to the end vertex r. In other words,
there are no dead ends. To formalize this, we introduce some terminology. A directed path p =
(v1,vg,...,v,) (where £ is some arbitrary nonnegative integer) is a sequence of adjacent vertices (i.e.,
(vi,v41) for i=1,...,¢ — 1) where each vertex v; is distinct (i.e., v; #v; for all 4,5 € {1,2,...,¢}
with i # j). A complete path is a directed path that has starting vertex 1 and ending vertex r (i.e.,

8 Backtracking is avidly debated among players. See, for example, the following webpage: https://www.reddit.com/
r/Games/comments/1wget4/why_do_people_hate_backtracking_so_much/


https://www.reddit.com/r/Games/comments/1wqet4/why_do_people_hate_backtracking_so_much/
https://www.reddit.com/r/Games/comments/1wqet4/why_do_people_hate_backtracking_so_much/
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vy =1 and v, =7). A subgraph G = (V, E') has no dead ends if every edge e in G lies on a complete
path. That is, for all e = (v, w) € E there exists a complete path p = (vy,vs,...,v,) in G with v; =v
and v,y =w for some i € {1,2,...,/—1}.

The “no dead ends” property ensures that the game has a single end. That is, the end vertex r
is always the final game element of any path. Relatively few video games have multiple endings.’
Many game designers shy away from multiple endings. These can compromise coherency and dilute
resources across content players may never see. See Chapter 17 of Schell (2019) for more discussion.

We can now formally state our definition of a world map:

def:world-map

DEFINITION 1 (WORLD MAP). A subgraph G of the universe graph % is a world map if

(W1) G is a DAG (directed and acyclic), and
(W2) G has no dead ends (i.e., all edges in G lie on a complete path).

We will use the notation < to denote the world map relationship: G < %, meaning G is a world
map in % . <

The concept of a world map is central to this paper. In the next subsection, we define a player’s
utility as a function of a given world map. World maps are the decision variable of the designer’s

problem described in Section 3.3.

3.2 The player’s problem

ss:players-problem
Given a world map G, players must decide on a path from the beginning vertex 1 to the end vertex
r. In other words, a player must select a complete path in G. We do not allow for a player to “quit”
a path before its completion.!” As we shall see below, long paths may exert an impatience penalty
for delaying a player’s sense of resolution in the game.

The player’s choice of path depends on their utility. Player utility is constructed from the fol-

lowing three components:

(U1) wtility from play: the player earns utility proportional to the amount of time played, f

(U2) impatience penalty: the player suffers disutility when too much time elapses before

. . . . item:penalty
reaching a satisfying resolution, and

(U3) decision fatigue: the player suffers disutility associated with mental fatigue from having

tem:decision-fatigue

an overwhelming number of options (i.e., complete paths) to choose from. f

Each component is discussed in more detail below.
Components (Ul) and (U2) both depend on the game time that a player needs to finish a path

from 1 to r. Let us formalize this concept. First, we distinguish game time from “clock time”.

9 Mass Effect 3 is a notorious example of an ineffective multiple-ending design. Despite offering players many choices,
only three nearly identical endings were possible. This resulted in widespread outrage among players. For details, see
https://www.inverse.com/gaming/mass-effect-3-ending-was-almost-completely-different.

10 An extension that considers the possibility of quitting is an interesting prospect for future research.

tem:play
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Game time is the elapsed time that a player has been playing the game. For a mobile game, for
example, this can be measured by the amount of time the game app is “open”. This game time
can be broken up across a much longer period of clock time. For example, consider a player who
can only play for one hour a day. In this case, four hours of game time happens across four days
of clock time. In our model, utility and disutility depend on game time and not clock time.

We assume that each game element takes a single unit of game time to complete. Thus, from a
time perspective, the game elements are interchangeable. This is among the stricter assumptions of
our model. Indeed, it is easy to imagine that some game elements take less time while others take
more time. One idea is that longer game elements can be broken down into smaller-sized chunks
that each takes one time unit. The difficulty here is that it may not make sense for these “chunks”
to be separated along a path if they are linked thematically. Our model glosses over such subtleties
and each game element as discrete and independent, each taking a single time unit to complete.
As we shall see, even with this simplification, the problem is difficult to analyze.

We further assume that each game element does not have an intrinsic utility for completion. The
derived utility is purely a function of how much additional gameplay the game element offers—
namely, one additional time unit. Accordingly, the game elements are homogeneous from a utility
perspective. Others have looked at how different reward and difficulty values for game elements
give rise to much more complex forms of utility, see for instance Li et al. (2023). As discussed in the
literature review section, papers in the tradition of Li et al. (2023) (starting with Das Gupta et al.
(2016)) only consider linear graphs. The complexity we want to focus on here is offering branching
paths and understanding this implication for service design. Accordingly, we have simplified the
nuanced utility considerations of the game elements themselves as a matter of emphasis. Future
work that brings together insights from papers like Li et al. (2023) to world design setting would
be an exciting development.

With clarity about our focus on game time, we can now formally define a few useful concepts.
Let P; denote the set of complete paths in the world map G. Every element p € Ps has a duration
d(p) in N—the set of nonnegative integers—equal to the number of edges that form the path.
Concretely, if p=(1,vq,v3,...,v,_1,7) then d(p) = ¢ — 1. This can also be interpreted as assigning
a duration to each vertex a unit duration except for the starting vertex 1. This is consistent with

)

the fact that, in many games, the starting element is a “dummy” activity that just indicates where
play is initiated. Given a world map G, its set of complete paths Pg determines the set Dg = {t €
N :¢=d(p) for some p € P} of possible gameplay durations. It is easy to see that Dg C [N] where
N is defined in (1). Indeed, the longest path connects 1 to r via all N other vertices in ¥ for a
path length of N.

We now have all of the concepts and terminology needed to formalize the first two components

of player utility (Ul) and (U2).
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3.2.1 Utility from play, (U1). To model utility from play, we define a function u from N
to Ry, where u(t) is the utility from playing ¢ units of time, and R, is the set of nonnegative real
numbers. Given a world map G, the set of possible utility values from play is {u(t):t € Dg}.

We assume that

. . . . —eq:play-utility-assumption
u:N — R, is an increasing function, )

which is consistent with other time-based service design studies (see, for instance, Xu et al. (2015)).

We will often assume u is a linear function of ¢; that is,

u(t) _ at 7eq:linear—util'(t§5|
where a > 0 suffices to guarantee (2). The assumption of linearity is also common in the literature
(see, for instance, Liao and Chen (2021)). This completes our discussion of the utility component

(U1).

3.2.2 Impatience penalty, (U2). To define the impatience penalty, we need the notion of
a time budget. Each player has a time budget b that represents the preferred amount of time
investment to bring the game to a satisfying resolution. Impatience only starts to build after time
budget b has been exhausted. Accordingly, the impatience penalty function has the form:

0 ifr<b
tb) = =
a(t]t) {¢a—b) if 1> b,

where

. . . . —eq:phi-nondecreasing?,
¢ :N— R, is an increasing function. )

Without loss, we assume b is a nonnegative integer expressed in the same time units as t.
Following LaGanga and Lawrence (2012), we will often assume that ¢ is a linear function
o(t —b) = [(t — b) where  is a positive constant, guaranteeing (4). This allows us to express the

impatience penalty function as:

q(t]b)=pB(t—Dd)L[t > ] envertine pensy

where 1[-] is the indicator function that evaluates to 1 if the statement in its argument is true.
We assume without loss that b < |7#|+ 1. That is, there are sufficiently many vertices in the
universe to satisfy the player’s time budget if all game elements are offered in a single long path.
Indeed, otherwise, the structure of ¢ would be such that the player never experiences any positive
penalty, and so will always choose the path with the largest possible duration. This does not capture

our tradeoff of interest, and so we remove this possibility from consideration.
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ss:players-problem-decision-fatigue

3.2.3 Decision fatigue, (U3). We assume that the players observe the whole world map G
before deciding on a path. There are games where the world map is slowly “unlocked” as the player
progresses, but such settings are beyond the scope of our inquiry.*!

A world map G has n{, vertices, ng, complete paths, and ng¢, edges. We call the tuple (ng, ng,ng)
the complexity of the world map G. Players experience decision fatigue as a function of G’s
complexity. Given a world map G with complexity (n&,n%.,ng), the player experiences disutility
F(ng,ng,ng) due to decision fatigue from pondering how to proceed through G. The function F':
N? — R, is called the decision fatigue function. We abuse notation to write F'(G) £ F(n,n%,ng)
when we want to suppress the detailed complexity notation.

We assume the following natural restriction:

—eqn: nondecreasing—complex'(té)

OF OF OF
@20, ﬁzo, and ang, 20

That is, F' is nondecreasing in all of the components of complexity. Condition (6) is natural.
Past research on decision fatigue confirms this. Augenblick and Nicholson (2016), Hirshleifer et al.
(2019), Ma et al. (2021) examine how decision fatigue grows with the number of decisions to make.
In our setting, the number of decisions depends on the number of vertices and edges in G. Players
need to decide on a path, which is a sequence of vertices and edges. Vohs et al. (2018), Shah and
Wolford (2007), Long et al. (2021) argue that decision fatigue also grows in the number of options
for each decision. In our setting, this corresponds to the number of paths in G.

We will put another natural condition on decision fatigue that disciplines its growth with respect
to the utility for play u. We want to argue that, all else being equal, the utility gained from
additional play by extending a path exceeds the additional decision fatigue from extending that
path. This is a relatively lighted-handed way to guarantee utility from play somewhat “dominates”
decision fatigue disutility. While it is hard to make decisions about what path to take, the fatigue
from doing so is outweighed, in a precise way, by the additional utility you get from playing.

It turns out that we only need to make this idea precise in the following specific setting. Let L
denote the world map that is a line graph of length k. This is, it consists of a single path from

start 1 to end r of length k. Then we assume the following:

ass:discipline-complexity-along-paths

ASSUMPTION 1. The additional fatigue from extending a line graph by one more game element
is less than the utility of playing that additional game element; that is, F(Lyy1) — F(Ly) <u(k +
1) —u(k). <

'We share a few thoughts about this scenario in the concluding section.
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3.2.4 A formal statement of the player’s problem. We have all the terminology and
notation to state the player’s decision problem. The player chooses a path p € Pz to maximize her
utility. It is easier to set up the problem as a play time decision. Recall that paths map to durations
via the set Dg.

Let the world map G and time budget b be given. If a player selects a path with duration ¢, then

we assume the player receives (total) utility

(|G, b) = u(t) — q(t|b) — F(G).*? Sl

The set D¢ contains the durations of all of the complete paths in G. Since a player selects a complete

path in G, the set Dg contains all possible choices for the player’s game time t. Accordingly, the
player’s decision problem is'?

max (t|G,b),

7eq:playe(15r‘(@flgjl
s.t.te Dg.

The notation (P|G,b) underscores that the decision problem depends on the given world map G
and budget b.

Understanding how optimal solutions to (P|G,b) depend on changing GG, and b is critical to later
analysis. Luckily, this optimality structure is straightforward. Deriving it now will help us state a
clean version of the game designer’s problem.

We start by making the following innocuous assumption.

ass:penatly-is-a-penalty
ASSUMPTION 2. The following holds:

u(t) —q(t|b) is a decreasing function of t when t > b. _eq:penalty_bi@)l

When u and ¢ satisfy (3) and (5), it suffices that > o. <«

This assumption ensures that the impatience penalty has “bite”. After the time budget has been
met, the impatience penalty ¢(t|b) for additional play more than makes up for the additional utility
from play wu(t).

To state the optimality structure of ¢, ,, we use the following definitions:

U)JG :max{t|t€ D(;,tgb},

’Vb-| = mln {t|t - DGat Z b} , _eq:de‘:‘ne_ﬂOZﬁN

projg (b) =argmax {7 (t|G,b) : t € {|b]c, [b]c}}-

12Tt is common to assume that total utility is the sum of its utility components. Since utilities are only defined up to
an affine scaling, the form can be taken without loss assuming utility is a general affine function of its components.
See, for example, Mas-Colell et al. (1995) for more details.

13 The disutility term —F(G) in 7(¢|G,b) does not affect this optimization problem since it does not depend on t. We
maintain this term in 7(¢|G,b); it is crucial for understanding the optimal choice of G.
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The “floor” and “ceiling” are with respect to the set Dg. This, of course, depends on G, and so
the subscripts |-]¢ and [-]g are appropriate. The notation proj.(b) connotes the fact that we are
projecting b on the “closest” element of G with the largest utility. Note that it is possible for
proj(b) to be the non-singleton set {|b|q, [b]c} if 7(|b|¢|G,b) =7 ([b]c|G,b).

We can now characterize the optimal solutions of (P|G,b).

theorem:game-duration
THEOREM 1 (Optimality structure of (P|G,b)). Under Assumption 2, proj(b) is the set of
optimal solutions of (P|G,b).

To avoid the hassle of proj.(b) not being a singleton, we assume that when |b|s and [b]¢ yields
the same value for 7, the player chooses a path with the shorter duration [b|s. Abusing notation,

we will always take the unique (up to this tie break) optimal solution of (P|G,b) to be:

N {Lb I if 7(|b]¢|G,b) = ([b]|G,b) caoptagy

th, =
@b proj;(b)  otherwise

This characterization proves very useful in our analysis of the game designer’s problem paci-to-patns

REMARK 1. In practice, players decide on paths rather than durations. The gameplay duration
is decided by the game path indirectly. A player’s utility 7 (p|G,b) for choosing path p € G under
time budget b is

7(p|G,b) :7T<Z]l[e€p]\G,b).

ecE

where ) _.1[e € p] is a count of the edges in p. Phrased in terms of paths, the player’s path
decision problem over world map G and time budget b is

max 7(p|G,b). <

pEPG

3.3 Game designer’s problem ss:game-designers-problem
The game designer chooses the world map G in order to maximize player utility. One may ask
why the designer does not optimize for revenue.'* We are imagining a scenario where revenue is
an increasing function of player utility. This is also not an unrealistic assumption. For premium
games that are purchased with an upfront fee, the enjoyment that players experience drives word-
of-mouth sales and purchases of sequels. For free-to-play mobile games, the more the players enjoy

the game, the more likely they are to make in-app purchases that drive revenue. A more detailed

model of the mapping between utility and revenue is beyond the scope of the current study.

14 We do not consider any costs in this model. The game elements are given, and so we assume that the cost of their
development is sunk. We are implicitly assuming that the task of “coding” the world map is the same irrespective
of the design. This is also not an unreasonable assumption. The artifacts needed to render the “look” of the world
are designed irrespective of how the artifacts are arranged. The cost of arranging artifacts is minuscule compared to
generating the artifacts themselves. Consider, for instance, the Chip N’ Dale’s map in Figure 1. It is a straightforward
task to move the sprites around the map to arrange them as preferred. This is not a cost worthy of consideration.
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sssisingle-player

3.3.1 Single player. Let’s dispatch a special case of the game design problem when there is
a single player with utility function 7 defined in (P|G,b) and with a given and known time budget
b.1> This special case serves as a building block for later analysis and motivates the setup of our
most general model set up stated later in this subsection.

It turns out that this single-player case is trivial to solve. This is intuitively clear. In this case, it
is optimal for the game designer to design the least complex world map G that offers a path with
a duration equal to b. Namely, the line graph with starting vertex 1, ending vertex r, and b — 2

intermediate vertices. This intuition is captured in the following result and its proof.
prop:single-player

THEOREM 2. Suppose there is a single player whose utility function 7 satisfies Assumptions 1
and 2, and whose time budget b is known to the game designer. Then the world map G that

maximizes player utility is the line graph consisting of a single path from 1 to r of length b.
play Y grap g gie p g

We want to remark that this result shows you that it was easier to design video games in a more
homogeneous setting where players were very similar. Linear experiences were more common and
were satisfying to the vast majority of players. As discussed in the introduction, however, players
with very different levels of patience have started playing games as the industry has expanded.

This motivates an investigation into the heterogeneity in time budgets, which we take up now.

3.3.2 Distribution of time budgets. Let’s now look at the more realistic setting with mul-
tiple types of players who differ in time budgets. Suppose time budgets are distributed over the set
[N]={1,2,..., N} with N finite. Let m denote the probability mass function of the distribution of
budgets over [N].' We may interpret m(b) as the proportion of players with time budget b. Let B
denote the discrete random variable that represents the time budget of a randomly chosen player.
The expected time budget is thus Ep[B] = 211]\/:1 bm(b).

Let’s formally state the game designer’s problem given a distribution of time budgets. The game
designer’s problem is to select a world map G in order to maximize the expected utility of players
with distributed time budgets. Of course, the route chosen by the player is determined by their
own optimization problem (P|G,b). Using the unique (up to our tie break rule) optimal solution

t5, to (P|G,b) defined in (10), we can state the game designer’s objective function as:
H(G) — EB [ﬂ(tEB|G, B)} 7eq:designer—0bjeztivfjl

15 We describe this problem as if there is a single player. However, the same analysis holds if there are many players,
but they all have the same utility function 7 and time budget b.

16 We assume that the game designer has estimated this distribution using demographic information (e.g., young
people prefer to play longer), previous gaming habits, and player game reviews.
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Figure 3  The side-quest tree 71235},

fig:side-quest-tree

where 7 is defined in (7), and the expectation is taken over the distribution m of the random time
budget B. The game designer’s world map problem (WMP) is

maxT1(G), ewdestznerghr|

G<u

where the notation < (set in Definition 1) means that G is a world map selected from the universe

% . The rest of the paper takes up the challenge of solving (WMP).

4. Optimality of side quest trees

s:optimality-side-quest-trees
In this section, we establish the optimality structure of the world design problem (WMP) when
the decision fatigue function F' does not depend on the number of edges n¢, in the chosen world
map G. In optimality structure is the notion of a side-quest tree introduced in Section 4.1 and
proven to be optimal in Section 4.2. Using this optimality structure, we can define an algorithm for
computing optimal world maps when the fatigue function F' is a function of the number of vertices

and paths of a world map.

4.1 Side-quest trees

ss:define-side-quest-tree

We begin by defining the notion of a side-quest tree.

def:side-quest-tree
DEFINITION 2 (SIDE-QUEST TREE). Let D C[N] be a subset of durations (recall that [N] is the
set of all possible durations in a world map). Then, the side-quest tree TP is the graph consisting of
the path (1,2,... ,cf) (where d =max D is the largest duration in D) with appending the additional
edges (v,r) for all v € D.
Figure 3 illustrates the side-quest tree TP with D ={2,3,5}.!™ The following lemma shows that
side-quest trees are world maps, and thus feasible choices in (WMP).

7Tt is important to note that the phrase “tree” does not imply that T is a tree in the underlying undirected graph,
where it may contain undirected cycles.
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lemma:side-quest-trees-are-world-maps

LEMMA 1. Let D C[N] be a subset of durations and let T be the side-quest tree as constructed

in Definition 2. Then TP is a world map.

The next section shows that there exists an optimal world map in the family of side-quest trees.
In exploring the optimality of side-quest trees, it will prove useful later to have a count of the

vertices and paths in a side-quest tree. This is captured in the following lemma.

lemma:counts-for-side-quest-trees

LEMMA 2. Let D C [N] be a subset of durations and let TP be the side-quest tree as constructed in

Definition 2. Then, T” has exactly one complete path for each duration d € D (implying Dy, = D)
1+d vertices and d— 1+ |D| edges, where d = max D.

The result is easy to verify by inspecting Figure 3, but a formal proof is found in the appendix.

4.2 Optimality properties

ss:optimality-of-side-quest-trees
At the outset of the section, we spoke of restricting attention to fatigue functions that depend only

on the number of paths and vertices. The next result helps us in taking advantage of this context.

lemma:complexity-minimum-paths-and-vertices
LEMMA 3. Let D C[N] be a set of durations. If the set D¢ of durations of world map G contains
D (i.e., DC Dg), then G has a minimum of |D| complete paths and a minimum of 1 +d vertices,

where d is the largest element of D.

Observe that for any duration set D, the number of paths and vertices of the side-quest tree TP
(coming from Lemma 2 above) match the minima in Lemma 3 and so yield the smallest possible
fatigue among graphs that cover duration set D. Combined with the fact (Lemma 1) that all
side-quest trees are feasible to (WMP), this can help establish the following result.

thm:paths-and-vertices-T-N-subgraph-best
THEOREM 3. Suppose the fatigue function depends only on the number of paths nf, and the

number of vertices n,. Then, there exists an optimal solution to (WMP) that is a side-quest tree.

From an analytical perspective, this result already says a lot. The game designer can restrict
attention to world designs that look like the graph in Figure 3; namely, there is a single path
of intermediate game elements (i.e., the path (1,2,...,k)) that the player can progress through,
with occasional “exits” to the final game element 7 (i.e., along the edges (v,r) for v in a subset
[N] of possible durations). These are “quick exits” in the sense that they immediately lead to the
final game element. For example, this means that the designer can be thinking about building a
narrative for linear progress of game elements from 1 to k, with ways to abort this progression by
uncovering a “shortcut” to the final boss. We see this in the classical “warp” mechanic in the early

8-bit era of home consoles. All the designer needs to decide is the length of the linear path (i.e.,
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choose k), and where to place the occasional “exits” (i.e., choose D with k the largest element of
D).

Of course, this insight does not offer an efficient computational approach for finding the optimal
side-quest tree. Indeed, there are many possible choices for the length of the long path and many
possible places to choose exits. A brute force enumeration of all “side-quest trees” is still exponential
work.

In the next section, we discuss an algorithmic approach to enumerating side-quest trees in poly-
nomial time when utility from play u is linear (i.e., satisfies (3)) and the impatience penalty function
is piecewise linear (i.e., satisfies (5)).

But before turning to an algorithmic approach, we are interested in analytical ways of restricting
our search among the set of all side-quest trees for an optimal side-quest tree. An immediate
restriction that comes to mind is examining if we can restrict the set D of possible durations that
we might consider.

A natural candidate for D is the set of possible time budgets b held by the players. Recall that

m(b) is the proportion of players with time budget b, where m is a probability mass function. Let
B:={be[N]:m(b) >0} “erbuEg))

denote the set of budget set of supported time budgets.

A natural thing to hope for is that there exists an optimal side-quest tree whose duration set
is a subset of B (and maybe even equal to B). Unfortunately, this is too good to be true, as the
following counter-example illustrates. ex:an-optimal-world-map-with-weird-durations

EXAMPLE 1 (AN OPTIMAL WORLD MAP WITH DURATION SET IS NOT A SUBSET OF B3). Let
F(G) =5(n%)? + (n%)?. Consider the probability mass function of time budgets to be m with
m(1) =1 and m(3) =} and 0 otherwise. That is, B={1,3}. Also, suppose u is linear (i.e. satisfies
(3)) with a =13 and ¢(t|b) satisfies (5) with 5 = 14. From Theorem 3 there exists an optimal
side-quest tree. The possible side-quest trees are T} 712} 73 712} {13} 723} and 7123},
Straightforward calculations yields: TI(T{") = 4, I(T{#) = 5, T(TH}) = 4, (T2} = —9.5,
(T143) = —10, T(T2#) = —10.5, and TI(T23}) = —35. Thus, T2} is the optimal side-quest

tree but {2}  B={1,3}. «

Fortunately, all is not lost on the connection between budget set B and the structure of the

optimal side-quest tree. We recover the following result.

prop:optimal-complexity-has-at-most-D-paths
PROPOSITION 1. Suppose the fatigue function depends only on the number of vertices and paths.
Then, there exists an optimal solution to (WMP) that is a side-quest tree TP with |D| <|B|. That

is, the duration set of an optimal side-quest tree has no more elements than the budget set B.
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This result is more powerful when B is small. Indeed, consider the extreme case where B is a
singleton. In other words, the game designer knows that all players have exactly the same time
budget b, for some b € [N]. This case was studied earlier in Theorem 2, where we showed that there
exists an optimal line graph. Indeed, if B is a singleton, then there exists an optimal side-quest
tree TP where D is a singleton. But, if D is the singleton set {v} then T is nothing more than
the line graph consisting of the single path (1,2,...,v — 1,v,7). Thus, Proposition 1 can be seen
as a type of generalization of Theorem 2 to more players, under the restriction that fatigue only
depends on the number of vertices and paths.

Despite its power, for small Proposition 1, it does not preclude the situation we saw in Example 1
where the duration set D is not a subset of B. To get the more expected condition (that D C B),

we make one further assumption.

prop:optimal-linear-complexity-has-at-most-D-paths
PROPOSITION 2. Suppose the fatigue function
(i) depends only on the number of paths ng, and the number of vertices ny,, and
(i) is a linear function of both n%, and nf.
u and ¢ are linear. Then, there exists an optimal solution to (WMP) that is a side-quest tree TP

with D C B. That is, the duration set of an optimal side-quest tree is a subset of the budget set B.

The result that the duration set of an optimal side-quest tree is a subset of the budget set is
quite reassuring. However, this does not yield an immediately obvious efficient algorithm to find
the optimal spanning tree. Indeed, B could still be large. We take up the challenge of computing

an optimal side-quest tree in the next subsection.

4.3 An algorithm for computing optimal side-quest trees

ss:algorithms-for-computing-side-quest-trees
In the previous subsection, we proved that when the decision fatigue only depends on the number
of vertices and the number of paths, there exists an optimal graph to (WMP) that is a side-quest
tree. In this subsection, we show how to compute the optimal side-quest tree efficiently.

The idea behind this computation is as follows. We say the length of a side-quest tree TP is the
length of the longest complete path in TP. It is straightforward to see that the length of TP is
max D. We say the capacity of a side-quest tree T'” is the number of complete paths in TP. It is
straightforward to see that the capacity of T'” is | D|. For every i € [N], among all the side-quest trees
with length 7 and capacity u € [i], we find the best one that generates the highest expected utility.
We denote it as T} ,. Then the optimal side-quest tree must be an element of {7} |i € [N], u € [i]}.
Hence, if we compare the expected utilities generated by those T}, (i € [N],u € [i]), the one with
the highest expected utility will be the optimal side-quest tree.

The difficulty lies in how we could generate all those {7}, } (i € [N],uu € [i]) in an efficient way.

We are able to develop an induction algorithm that works in polynomial time. This algorithm is
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built on the operations of single-path transformation mappings that map a side-quest tree to new
side-quest tree with one additional complete path.

Below, we begin by giving the definition of single-path transformation. Then we discuss how this
single-path transformation influences the total expected utility. Followed by that, we examine a
key property of the single-path transformation that is it preserves optimality. Finally, we present

our algorithm and prove it’s in polynomial time.
subsubsec:SPT-definition

4.3.1 Definition of single-path transformation Let S denote the set of all side-quest trees
in the universe graph % . We can partition the set S into subsets of the same length. Let S; ,
denote the set of side-quest trees with length 4 and capacity u. That is, the side-quest tree TP is
in §;, if and only if the length of TP is ¢ and the capacity of TP is . Equivalently, 77 € S, , if
and only if ¢ is the largest element in D and p equals the number of elements in D. We call an
element of S; ,, an (i, u)-side-quest tree (or (i,p)-SQT for short) and denote an arbitrary element
of S;, by T; ..

Next, let S, denote the set of optimal solutions to the following problem:

max H (T) 7 7eq:designer—problem—restricte?waﬁ;—:z )l

TES;

This is our main problem (WMP) where the designer is restricted to selecting from side-quest trees
of length i and capacity u. We call an element of S, an optimal (i, 1)-SQT and denote an arbitrary
element of S, by T ,. Observe that if (WMP; ,) has a unique solution, S;, will be a singleton.
Otherwise, S;, contains multiple elements that share the same expected utility.

When the fatigue function depends only on the number of vertices and paths, the optimal side-
quest tree is an optimal solution to (WMP) and can be found in the sets of S}, for i € [N] and
u € [i]. We state the result in the lemma below.

lemma:opt-tree-Sj-general-v-p
LEMMA 4. Optimal side-quest trees are contained in the union of sets of S, over all i € [N]

and p € [min{|B|,}].

Lemma 4 suggests that to find the optimal side-quest tree, it suffices to construct the sets S;, for
every i € [N] and p € [min{|B|,i}] and then find the one that results in the largest expected utility.
We will show later in Section 4.3.3 that the construction will be done through a graph operation
named “single-path transformation” (defined below) that appends additional vertices and edges to

a side-quest tree to form a new side-quest tree. definition:SPT-general-v-p

DEFINITION 3 (SINGLE-PATH TRANSFORMATION). For i,j,u € [N], i < j and 1 < pu < j, define
the function vy; : S; -1 — S;, where (i, — 1)-SQT T;,_; maps to the (j,u)-SQT T;, (ie.,
Yi;(T; —1) =Tj,) where Tj , is the side-quest tree that results from extending the path (1,2,...,1)
in T; ,—1 to path (1,2,...,4,14+1,...,j) (by adding j — ¢ more vertices and edges) and appending
the edge (j,7). <
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(a) an element 75 5 of 59 (b) The element 3 5(T52) of S5 3

Figure 4 An illustration of the single-path transformation 3 5. Appended vertices and edges are dotted.

fig:single-path-transformation

The transformation 15 5 is illustrated in Figure 4. Observe that if 77 is in S; ,—; then 9;;(TP)
has duration set D U{j}. Observe also that ,;(T7) has j — ¢ more vertices than TP but only one

more complete path. It is straightforward to verify that v;;(T?) is a side-quest tree S; ., and so

wr

the mappings 1;; are well-defined.

subsubsec:SPT-utility
4.3.2 Impact of single-path transformation on expected utilities As defined, the single-
path transformation 1;; generates a (j,)-SQT from an (i, — 1)-SQT for ,j,pu € [N], ¢ < j and
1 < < 7. In this subsection, we are interested in tracking the designer’s objective value as we
undertake single-path transformation. Suppose we start with an (¢, — 1)-SQT 7} ,_; with an
expected utility II(7; ,—1). We want to characterize the difference II1(t);;(T; 1)) — (T} i—1)-
The following result provides insights into the difference II(v;;(T; ,—1)) — (T} 1—1).

lemma:learn-the-delta-general-v-p

LEMMA 5. Suppose u satisfies (3), q satisfies (5), and the fatigue function depends on the number

of vertices n” and complete paths n*. Let T}, be the element of S;,. Then, fori,j,p € [N], i <j
and 1 < pu <j, we have:

(43 (T 1)) — (TG u—1) = AU — AF(p— 1) B &)
where N i
AU =Y a(j—iymb) + Y ((a—B)j +Bb—aiym(b) ")
b=j b=b
with . '
b= max{ {—az — (; —B)j 1,i+1}, 7eq:cu(_1ogjl
and
AP (u=1):=FG+ L) = F(i+1p—1) ey

where [W] indicates the smallest integer that is not smaller than w
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Recall (from (11)), that II(G) = EB[ﬂ(taB|G, B)], and (from (7)) 7r(tab]Gb) = u(tab) —q(tablb) —
F(G) and t,, is the optimal duration of a time budget b player (specified in (10)). Notice that
the —F(G) term in 7(ty ,|Gy) does not depend on the random variable B, and so we can express
II(G) in two terms:

H(G) _ U(G) . F(G) 7fun2pr0ﬁt—restruc<tf|{1;?jl

where
U(G) :=Eglu(ts,p) — alts 5B (18)

The designer’s objective consists of two terms: U(G) is the expected utility from play minus the
impatience penalty, and F'(G) indicates the disutility from decision fatigue. As a result, the differ-
ence in designer objective under an single-path transformation (expressed in (13)) also comes in
two terms, AU;; and AF;(pn—1).

The second term AF;; is easy to interpret. Decision fatigue depends only on the number of
vertices and paths. The original side-quest tree T; ,_; has i+ 1 vertices and p — 1 complete paths
while the new side-quest tree v;;(7; 1) has j+ 1 vertices and p complete paths. Thus, we have
AF;j(p—1):=F(G+1,p)—F(i+1,u—1).

More interesting is the expression for the first term AU;; in (14). The two components in the

expression
N Jj—1 - .
Z a(] . Z)m(b) + Z((a _ B)j + ﬁb _ al)m(b) 7eq:change-ln-utlllty-two-tzrirg)l
b=j b=b

(i) players with time budget >j (i) players with time budget in (i, 7)
arise from two groups of players: (i) players with time budgets of at least j and (ii) players with time
budgets strictly between i and j. To interpret (19), let’s consider the change of players’ decisions
after adding a new j-length path to the original side-quest tree 7T} ,_; with i < j.

(i) For players with time budgets of at least j, they selected the longest path with length ¢ under
the original side-quest tree T; ,_;. Now given the new j-length path, those players will all switch
to this new path, because it gives them higher utility from play and does not incur any impatience
penalty. Thus, the change of the expected utility is equal to > sa(j —i)m(b).

(ii) For players with time budgets strictly between i and j, they selected the longest path with
length ¢ under the original side-quest tree T; ,_;. Given the new side-quest tree, they must decide
between choosing the i-length path that ¢;;(T; ,—1) inherits from T; ,_; or the new path j-length
path added by the single-path transformation. If a player with budget b chooses the original i-
length path, his utility from play is i and the impatience penalty is 0. If a player with budget b
chooses the new j-length path, he earns the utility from play «j but pays the impatience penalty
B(j — b), resulting in a difference of aj — 3(j — b). Thus, the player compares the two utilities
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ai and aj — (5 — b) and will select the path which gives him the higher utility. Clearly, there
exists a break-even point b expressed in (15). Only those players with time budget b € [b,j — 1]
will switch to the new j-length path. The rest of the players with time budget b € [i + 1,b) will
stay in the original i-length path. Therefore, the change of the expected utility is computed by

1o (0 = B(j = b) — ai)ym(b) = 3235 (e = B)j + Bb — ci)m(b).

Observe that there is no term for players with time budgets at most ¢. This is because these
players will not change their decision of optimal path. Note that the single-path transformation
1;; only adds one single path, which is the j-length path. Suppose those players with time budgets
at most ¢ switch to this new path, their utility from play increases, and so does the impatience
penalty. However, we assume the growth in impatience penalty is greater than the growth in utility
from play (Assumption 2). Then switching to the new longer path will make those players worse
off. Therefore, in both side-quest trees, T; ,_1 and 1;;(1; ,—1), players with time budgets at most ¢
will choose the same optimal path, therefore there is no change in players’ utility.

Finally, we remark that AU;; and AF;;(1t— 1) do not depend on the structure of T; ,_;. This

invariant streamlines the inductive algorithm presented in Section 4.3.4.

subsubsec:SPT-preserve-optimality
4.3.3 Key property of single-path transformation The following lemma illustrates a key

property of single-path transformations that is they preserve optimality in a precise sense.

lemma:nested-optimalty-general-v-p

LEMMA 6. Suppose u satisfies (3), q satisfies (5), and the fatigue function depends on the number
of vertices and paths. For j,u € [N], 1< pu<y, the following properties hold:

(i) For every element T}, of S, there exists i € [j — 1] such that Tj, = 1;;(T; ,—1) for some

Ty, €S In other words, every optimal (j,pu)-SQT arises from a single-path transformation

i1
of some optimal (i, —1)-SQT foric[j—1].

(ii) Suppose (T}, 1) €S;, for some T}, €S8}, | (i€[j—1]), then i (T iu_1) €85, and

(3 (T} ,-1)) = (4 (T Fu1)) for any T*,L 1 €S/ ,_1- In other words, suppose an optimal (j,)-
SQT arises from some optimal (i, —1)-SQT, then the (j,u)-SQT arises from any optimal (i, —
1)-SQT is an optimal (j,1n)-SQT sharing the same optimal value for i € [j —1].

(iii) The graph in {; ;(T;, 1)|i € [j — 1]} with largest 11 value is an element of S; ,

Lemma 6 has important implications. First, (i) indicates that every optimal (7, 4)-SQT (j,u €
[N],1 < u<j) can be generated from a smaller optimal (i, u —1)-SQT (i € [j — 1]) by a single-path
transformation. Consequently, if all the optimal (7,1 —1)-SQT (i € [j — 1]) are given, we can derive
the set of all optimal (j,4)-SQT. This sheds light on our inductive algorithm in Section 4.3.4.

Roughly speaking, we will inductively construct the set S;, , for all j,u € [N],1 < p<j and the

T,p—1

one with the largest expected utility will be an optimal solution to (WMP) (from Lemma 4).
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(ii) further suggests that it is not necessary to construct the whole set S u—1 in every induction

step. When the set S

*
i, u—1

is not a singleton, it suffices to only select one optimal (7, 4 —1)-SQT in
the set S, | as a representative. Because (ii) ensures that if an optimal (j, 1)-SQT can be derived
from an optimal (i, — 1)-SQT for some i € [j — 1], then the resulting graph from a single-path
transformation of any optimal (7, 1z —1)-SQT in the set S}, ; must also be an optimal (7, 1)-SQT.
As a result, when constructing an optimal (4, 1)-SQT through induction, we only need one optimal
(1,p—1)-SQT for each i € [j —1].

What is more, (iii) points out how we find an optimal (j, 1)-SQT. Specifically, for each i € [j — 1],
we will apply a single-path transformation on the representative optimal (i, — 1)-SQT, resulting
in a set of (j,u)-SQT (i.e., the set {1; ;(T},_,)|i € [j —1]}). Among this set of (j, 1)-SQT, the one
with largest expected utility will be an optimal (7, u)-SQT.

To conclude, Lemma 6 serves as the foundation of our inductive algorithm. It is straightforward
to see that the optimal (i,1)-SQT is uniquely defined with i + 1 vertices and a single length i
complete path from vertex 1 to r. Starting from the optimal (4,1)-SQT T}, we can inductively
construct an optimal (j, u)-SQT T}, by conducting a series of single-path transformations on an
optimal (i, —1)-SQT T}, , for each i € [j — 1] and p € [i]. Finally, after we derive all the optimal
(j,1)-SQT and obtain the set {77 ,|j € [N], u € [j]}, we compare the expected utilities associated
with those 77 ,. The optimal side-quest tree will be the one with largest expected utility.

subsubsec:induction-algorithm

4.3.4 Induction algorithm Lemma 5 gave us closed-form formulas for how a single-path
transformation changes the value of the designer’s objective function. By Lemma 6 and the para-
graphs that followed it, we learned that we can compute the optimal side quest tree by conducting
a series of single-path transformations. These two ingredients come together in Algorithm 1. We
illustrate idea of Algorithm 1 in Figure 5.

In the following, we present the framework of Algorithm 1 and explain how our algorithm works.

We start the induction that is what happens inside the for loop from line 1 to line 17. By
Lemma 4, we only cares about the case where j €{1,2,..., N} and p € [min{|B|,i}|.

For every j € {1,2,..., N}, we construct the optimal (j,1)-SQT's from line 4 to 6, and the optimal
(J, )-SQTs where p > 1 from line 8 to 14.

For the optimal (j,1)-SQTSs, the algorithm constructs the optimal side quest tree T, with vertex
and edge sets V;; and E;; from line 4 to 5, because it can be uniquely defined by Definition 2 and
Lemma 2. The objective value is computed in line 6.

For the optimal (7, 1)-SQTs, the algorithm constructs the possible objective values of ¢;;(T; 1)
arising from optimal (i, u—1)-SQT's where i € [j — 1] using single-path transformations as illustrated

in line 9. For sake of demonstration, we denote II;, | = II(T;, ;) and II; ;, = T1(ts;(T5 -1))-
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Setj=land u =1

Compute the expected utility of
the constructed (j, u)-SQT from
the given optimal (i,u — 1)-
SQTsfori € [ —1]

Setj=j+1Lpu=1] p=p+1

A

Set the optimal (j,p)-SQT as

the one with largest expected
value

¥

Compute the optimal side quest
tree by comparing the expected
utility ofthe optimal (j, u)-
SQTsfori € [N]and u €
[min{|B|,j}]

Figure 5 The framework of Figure 5

fig:algorithm-induction-general-v-p

Following Lemma 5, we have I; ; , = IL(v; (T}, ;) =11} ,_, + AU;; — AF;;(n—1). In line 11, we
find the largest expected utility among those I, ; , for all ¢ € [j —1]. According to Lemma 6 (iii), the
(7, 11)-SQT ;;(T; ,—1) that arises from the optimal (i*, x —1)-SQT must be an optimal (7, 1)-SQT.
Then from line 12 to 13, we apply the single-path transformation to the optimal (i*, u—1)-SQT and
construct this optimal (j, )-SQT with vertex and edge sets V; , and E; ,. The algorithm constructs
the optimal (7, 4)-SQT in line 14 for j € [N], and p € [min{|B|,j}].

Combining the cases where p =1 and p > 1, the loop starting from line 1 terminates with a
single optimal (j,u)-SQT for each j € [N] and u € [min{|B|,;}] of the largest possible objective
value. Lastly, in line 18, the algorithm selects the optimal (j, )-LSQT with the largest possible
objective value and returns it as the optimal side-quest tree 7" =T, ..

The following theorem describes the optimally of the algorithm and its run-time complexity.

theorem:dp-general-v-p



681

682

683

684

685

686

687

688

Li, Ryan, Sheng, and Wong: Optimal world design 25

Algorithm 1 An inductive algorithm to compute an optimal side-quest tree

P
+

o 1
gortthnr=mduction=gemerat-v=-p

Input: Universe graph % = (¥,&), start and end vertices 1 and r, time budget set B, proba-
bility mass function m of time budget random variable B, utility from play function u that
satisfies (3), impatience penalty function ¢ that satisfies (5), and fatigue function F'(ng,ng)
that depends only on the vertex and path count of a world map G < %

Output: A side-quest tree that is an optimal solution to (WMP).

1: for je€[N] do algorithm:for-loop

2:  for p € [min{|B|,j}] do

3: if =1 then
4: Let ‘/j71 _ {17 27 o 7j _ 17],, 7"}7 lalgorithm:start—construct-n:l
. . . . . lgorithm:middle-construct-n=1
5: Set E;, =1{(1,2),(2,3),...,(j — 2,5 —1),(G —1,5), (G, m)}; [
algorithm:IA-recursion-n=1

6: Let T7, = (V;1, E;1), and set IL;, = IL(T},); [

7: else

8: for Z € [] - ]‘] dO algorithm:for-loop-1
9- Let Hid—”u‘ _ Hi7#_1 + AUZJ _ AFH (/_L _ 1)’ lalgorithm:IA—recursion
10: end for

. . . algorithm:TA-select-j-1
11: Let i* = argmax{IL, ; ,|i € [ — 1]}, and set TI; , = L ; ,; [
19: Let ‘/B’H _ m*’y{71 U {1/* + 1, Z* + 2’ o ’j _ 1’j}, lalgorithm:start—construct
13: Set B, =FEy 1 U{(@*, " +1),(@*+1,9"+2)...,(j—2,7—1),(j—1,75),(,r) }; |
% algorithm:end-construct

14: Let T7, = (Vi B 1
15: end if

16: end for
17: end forﬁlgorithm:e“d’foﬂwp
18: Let (]*7,u*) = al“gmaX{Hj,uU € [N],/.L € [mln{|8|,]}]}, and set IT* = Hj*wp‘* and T* — T;‘*’M*; F

19: return T*.

THEOREM 4. Suppose u satisfies (3), q satisfies (5), and the fatigue function depends on the
vertex and path count of a world map G. Then Algorithm 1 produces an optimal solution to (WMP)
has run-time complexity O (N?|B]).

Algorithm 1 has O(INV|B]) stages. At each stage j € [IV] and p € {2,...,min{|B|,j}}, the algorithm
calculates the possible objective values II; ; , based on the optimal (i, — 1)-SQT where ¢ € [j —1]
and y € [min{|B, j}] recursively in line 9. It finds the maximum objective value II; , of the optimal
(7, 11)-SQT in line 11 by choosing the maximum II, ; , for i € [j — 1]. Thus, it takes O(NN) iterations
to compute the possible objective value of the optimal (7, 1)-SQT.

algorithm:middle-construct

lgorithm:IA-select-optimal
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The algorithm then constructs the optimal (j, 1)-SQT from the (i*, x—1)-SQT in line 14 for any
optimal (7, 4)-SQT where j € [N] and p € [min{|B|, j}]. Lastly, Algorithm 1 computes the optimal
side quest tree 7 in line 18 by choosing the maximum IT; , of the optimal (j,)-SQT for j € [N]
and p € [min{|B|, j}]. Hence, the total computational complexity of Algorithm 1 is O (N?|B|), which

is in polynomial time.

5. More general fatigue functions

s:more-general
While the analysis of the case where the fatigue function only depends on the vertices and paths is
quite complete, it raises the question of whether side-quest trees remain optimal when the fatigue
function depends on the number of edges. The following counter-example reveals that this need
not be the case.

EXAMPLE 2 (SIDE-QUEST TREE IS NOT OPTIMAL). Consider the setting with N =5 and the
fatigue function F' is increasing in number of vertices, paths, and edges. This implies that when two
world maps G and G’ have the same number of vertices and paths—and the same duration set—

but G has fewer edges than G’, then II(G) > II(G”). Consider now the two world maps illustrated

in Figure 6.

(a) T{23:45} (b) a non-side-quest tree

Figure 6 Non-optimality of side-quest trees.

fig:non-optimality-side-quest-tree

Both Figure 6(a) and Figure 6(b) have six vertices, four paths, and the same duration set
{2,3,4,5}, but the world map has one fewer edge (eight versus seven). Accordingly, the side-quest
tree will never be an optimal solution to (WMP) for any choice of u, ¢, and m. <«

This example demonstrates that, in a sense, side-quest trees have too many edges in general.
The world map in Figure 6(b) generates its duration set by two diversionary paths from the “main

path” (1,3,r7), one taking a detour to vertex 2 and the second diverting to vertices 4 and 5. The
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path of duration 3 in Figure 6(b) taking vertices {3,4,5} arises by electing not to go vertex 2,
while in Figure 6(a), every journey to vertex 5 must take vertex 2. This lack of flexibility requires
the additional edge (3,7) to give Figure 6(a) a path of duration three.

In attempting to construct a class of optimal world maps for general fatigue functions, it was
the possibility of adding more and more “flexibility” of this type that made it hard to find a
more general optimality structure. Without a handle on additional optimality structure, it proved
challenging to find optimal world maps for more general fatigue functions. Accordingly, we leave

the investigation of additional structures for future work.

6. Conclusion s:conclusion
In this paper, we introduced a novel graph design problem motivated by a problem of growing
interest in practice—design virtual worlds. Our setting looked at the problem of designing a video
game world map based on considerations of how players earn utility from play but incur disutility
from impatience and decision fatigue.

There are numerous ways to extend the setting we studied to add even more realism. Each of
these extensions, in our opinion, is nontrivial to pursue:

e What if the different game elements offer differing utilities and durations? In the current
setting, all game elements offer unit durations and utilities to all players. This extension
would abrogate a lot of the symmetry we use in our result, making analysis much more
complex.

e What if there is “hard-coded” precedence between certain levels? For example, in the
“Metroidvania” genre'® players must backtrack to find new paths in previously explored
areas as the player’s avatar gains new abilities. In our setting, the underlying universe
graph % was always complete, which was particularly useful when showing that side-
quest trees were optimal. Indeed, at a minimum, we knew every side-quest tree was a
feasible world map and was connected via the single path transformation property. A
more restrictive universe graph would require a more careful accounting of feasibility.

e In a similar vein, we have assumed throughout that players have complete information
about the nature of the world map and make decisions on how to traverse it in a static
way. In many games, the world map is only revealed slowly as your progress through
the various game elements. But a dynamic, “learn the map on the fly” analysis would
add considerable complexity to the underlying path selection problem. The theory

of stochastic or online combinatorial optimization would need to develop in order to

'8 https://en.wikipedia.org/wiki/Metroidvania
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tackle this setting, and the analysis would itself become more approximate or in search
of competitive ratios. Even if this is the ultimate goal, studying the full-information
version of the problem is a pre-requisite, something we have started to explore in this
paper.

e Extensions could add more player heterogeneity in terms of their utilities and speed
of traversing the game elements. Our analysis only addresses heterogeneity in the time
budget of players, which we have argued is a salient consideration given the changing
nature of player demographics.

e Finally, our analysis assumed that the game designer has complete information about
the player’s payoff functions. This is not entirely realistic, and these utilities proba-
bly needed to be learned as players interact with designers. This “learning phase” is
something that could be studied with models analogous to “demand learning” in our

setting, but is much beyond the scope of what we study here.

Finally, beyond the world design problem, this research direction raises the possibility of a
whole genre of research papers that have traditional combinatorial optimization problems with
new objective functions related to player utility. Usually, combinatorial optimization problems have
simple objective functions: minimize cost, minimize time, maximize flow, etc. What if our goal is
to design optimization problems that maximize how “fun” they are to solve, in a sense related to

notions explored in this paper and other video game papers.
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E-companion for “Optimal world design in video games”

Appendix A: Technical Proofs

sec:appendix-proof

A.1 Proof of Theorem 1

ss:proof-of-theorem-game-duration
Given G and b, the player chooses t € Dg to maximize his utility 7(¢|G,b) = u(t) — q(t|b) — F(G).
Note that the term F'(G) is unrelated to the player’s decision. We claim that 7 (¢|G, b) is an unimodal
function of ¢ that achieves its unique maximum at ¢t = b. Indeed, by (2), u is strictly increasing and
q(t|b) =0 on 0 <t <b. Thus, 7 is strictly increasing on 0 <t < b. By Assumption 2, u(t) — q(t|b)
is strictly decreasing on ¢ > b, and thus so is 7. This implies that 7 is unimodal and achieves its
unique maximum at t =b.

Thus, if b € D¢ then b is clearly the unique minimizer of max,cp,, 7(t|G,b). If b ¢ D¢ then one of
either |b|s or [b]¢ is optimal. This follows since 7 is strictly increasing when 0 <t < b and strictly
decreasing on ¢t > b. Whichever of |b|s or [b]s achieves the highest value in 7 is thus the optimal

solution to (P|G,b). In other words, proj(b) is the set of optimal solutions of (P|G,b). O

A.2 Proof of Theorem 2

ss:proof-of-prop-single-player
In this setting, the game designer’s problem is:

max max 7(t|G,b).
G<% teDg

Observe that the term F(G) is a constant with respect to the choice of t € Dg and so we can
rewrite this problem as:

max |max (u(t) —q(t|b)) — F(Q)

G<% |teDg
Using the optimality structure established in (10) the problem amounts to solving:

Gmga@}/( [u(t?;b) —q(te,lb) — F(G)] .

Now, by the optimality structure of tf; , we know that the player will select the path with duration
either |b]g or [b]s, where these values are defined in (9).

Notice that there is no utility gained by offering more than one path in a world map since a
player will only select one of these paths anyway, and the game designer will know which one that
is by the optimality structure of ¢ ,. Thus, the choice of G is restricted to a line graph; that is,
G = L, for some k. We only need to consider what length of path to choose.

When restricting our attention to a line graph G = L for some k, we observe that Dg = {k} is
a singleton. Therefore, the player’s game time must be t,, = k and the resulting player utility is

u(k) — q(k|b) — F(L). Assumption 1 implies that the growth in fatigue as k increases is less than
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the growth in utility. Thus, when k < b, ¢(k|b) =0 and u(k) — q(k|b) — F(Ly) increases in k < b.
When k > b, u(k) — q(k|b) decreases in k> b (by Assumption 2) and F'(Ly) is nondecreasing in k
(by (6)). Thus, u(k) — q(k|b) — F(L;) decreases in k > b.

In conclusion, the function u(k) — q(k|b) — F(Lj) increases in k < b but decreases in k > b,
implying that k=05 is optimal. [

A.3 Proof of Lemma 1

ss:property-of-side-quest-tree
We need to show TP: (i) is acyclic, (i) has no dead ends, and (iii) is unilaterally connected.

For (i) observe that all maximal directed paths reach vertex r, but r has no outgoing edges. This
means the path cannot return to any of its earlier edges, and so there are no directed cycles.

For (ii), there are two types of edges: (a) edges on the path (1,2,...,6?) and (b) edges from
that path to 7. As d = maxD € D, the side-quest tree T° must include the edge (d,r) following
its definition. Then the path (1,2,...,J,r) is a complete path, and those edges in case (a) are
contained in this complete path. Similarly, edges in case (b) are those additional edges (v,r) for

all v € D. The path (1,2,...,v,r) is a complete path and contains the edge (v,r). O

A.4 Proof of Lemma 2

ss:counts-for-side-quest-trees
The vertex count is straightforward, by construction, the graph contains the vertices {1,2, ... ,CZ}
along with the end vertex r. That is exactly 1+ d vertices. The set of all complete paths of TP is
{pq:d € D} where p;:=(1,...,d,r) for all d € D. Clearly, ps has duration d. This implies T” has
exactly one path for each duration de D. 0O

A.5 Proof of Lemma 3

proof-lemma:complexity-minimum-paths-and-vertices
Each complete path in a graph has a duration. Thus, each duration must be associated with at least
one complete path. As D C Dg, the graph G has at least |D| different durations in the duration
set, implying at least |D| number of complete paths.

Moreover, let d = max D be the maximal duration in D. The complete path that provides this

duration d must contain 1 + d vertices, which offers a minimal value on the number of vertices.

O

A.6 Proof of Theorem 3

proof-thm:paths-and-vertices-T-N-subgraph-best
We prove the result by contradiction. Suppose the optimal solution to (WMP) is not a side-quest
tree. We denote this optimal world map as G* and its resulting duration set as D*.

Now we consider a side-quest tree TP". By construction, T  has the same duration set of G*.
Therefore, for all players, their play time, utility from play, and impatience penalty are identical
in the two graphs TP and G*. Furthermore, Lemma 2 and Lemma 3 imply that the number of

paths and vertices of the side-quest tree TP match the minima and thereby field the smallest
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possible fatigues among graphs that cover duration set D*. Thus, F(T"") < F(G*). We conclude
I(TP") > II(G*), that is the expected utility of players under the side-quest tree TP is weakly
higher than that under G*.

If TI(TP") > TI(G*), it contradicts the fact that G* is the optimal world map. If II(TP") = TI(G*),
meaning that TP performs equally well as G*, then D* should also be an optimal world map. But
this contradicts the initial assumption that the optimal solution to (WMP) is not a side-quest tree.

From above, we have proven that there must exist an optimal solution to (WMP) that is a

side-quest tree. [

A.7 Proof of Proposition 1

proof-prop:optimal-linear-complexity-has-at-most-D-paths
Following Theorem 3, there exists an optimal solution to (WMP) that is a side-quest tree TP.
If |[D| < |B|, we are done. If |D| > |B|, it implies that there exists at least one complete path
in the graph TP that is not selected by players. We construct a new side-quest tree T D' where
D' = {t;D’b|b € B} and t7p, is the optimal play time of a player with time budget b under the
graph TP. We have |D'| <|B].

Compared to the original side-quest tree TP, we observe that the new side-quest tree TP has
all the durations that were in use. Therefore, utility from play and impatience penalty remain the
same. Since |D’| < |D|, the side-quest tree T2 contains fewer paths and vertices than T2, leading
to a strictly smaller decision fatigues disutility. That is, F' (TDI) < F(TP). As a result, we conclude
II(TP") > TI(T?). However, this contradicts the fact that T is the optimal world map. As a result,

we cannot have |D| > |B|. We have proven Proposition 1. [

A.8 Proof of Proposition 2

proof-lemma;complexity-minimum-paths-and-vertices
Proposition 1 indicates that there exists an optimal solution to (WMP) that is a side-quest tree TP
with |D| <|B|. If D C B, we are done. Otherwise, we claim that we can construct a new duration
set D’ with the following properties:

1. (D'\B) C (D\ B). The new set D’ has fewer elements that are not contained in 5.

2. TI(TP) <TI(T?"). The new side-quest tree T2 does not lower the expected utility.
The construction works as below: We let U = D U B be the union of D and B. Let t € U \ B be
any element of U not contained in B, which exists because we assume U \ B= D \ B is not empty.
The new duration set D’ is constructed by replacing ¢ with a different value d € U. In other words,
D’'=DU{d} \{t} for some deU.

By the above construction, the element ¢ € D \ B is removed in the new duration set D’. That

is, we remove an element that is contained in D but not in B. In addition, the replacing element d

is either an element of B or an element of D, so we are not introducing any new element outside
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of D or B. As a result, we conclude that (D’\ B) is a proper subset of (D \ B). The first property
holds.

To prove the second property, we split the discussions into three cases.

Case 1: t is the greatest element in U.

Let b= max B. Since we assume ¢ is the greatest element in U and t ¢ B, we have ¢t > b. Assump-
tion 2 implies that, for players who chose the path with duration ¢, a path with duration b will
give them higher utility for play and lower impatience penalty. Therefore, we let D' = DU{b}\ {t}.
The resulting side-quest tree TP increases the game entertainment (defined as utility from play
minus impatience penalty) of those players who previously selected the path with duration ¢, while
it does not affect the game entertainment of other players. Furthermore, the decision fatigue will
decrease, because the number of vertices decreases and the number of paths is either the same or
lower, depending on whether b was originally in D. In conclusion, the overall expected utility will
not decrease, i.e., II(TP) < IL(T?").

Case 2: t is not the greatest element in U, neither is it the greatest element in D.

It suffices to restrict our attention to those players who choose the path with duration ¢ under
the original side-quest tree TP. Let A be the proportion of players choosing the path with duration
ey, A=D00 crers ¢ TUD) = Z{bit}qb:t} m(b). We define GE(d) as the total game entertainment
(utility from play minus impatience penalty) when all players who preferred the path with duration

t are instead changed to use a path with duration d'°. That is,

GE(d)=Aad— > m(d)B(d-D).

{pv<dtr =t}

Thus, we obtain

GE(d+1)—GE(d) = Aa — > m®)Bd+1-b)+ Y mb)Bd—b)

bib<d+1,t% =t bib<d,t* =t
{ <d+Lt7p, } { <dlip, }

=Aa— Z m(b)S.

{bb<dtr =t}

In particular, we consider the case when d =t. Since t ¢ B, m(t) =0. Thus,

GE(t+1)-GE({t)=Aa— > m(b)B
(b0t tr =t}

=Aa— Z m(b)s

b<t—1,t* =
{b<t-12 =)

19 Here we force all players to choose the new duration d when the duration ¢ were removed. If players are allowed to
choose their optimal paths in the new side-quest tree, the total game entertainment will be even higher than GE(d).
So our proof will still hold.
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—GE(t) - GE(t—1).

If GE(t+1)—GE(t) > 0, then the path with duration ¢+ 1 results in a larger game entertainment.
So we replace ¢ with ¢ + 1. That is, D'=D U {t + 1} \ {t}. If GE(t +1) — GE(t) <0, implying
GE(t)— GE(t—1) <0, then the path with duration ¢ — 1 results in a larger game entertainment.
So we replace ¢ with ¢t — 1. That is, D' =D U{t — 1} \ {t}. If GE(t+ 1) — GE(t) =0 and then
GE(t)—GE(t—1) =0, all three durations provide equal game entertainment. So ¢ can be replaced
with either t —1 or ¢+ 1.

Since t is not the largest element in D, removing ¢ will not change the number of vertices n,. The
number of paths n, will either stay the same or decrease by 1, depending on whether or not the
new duration is already in D. Therefore, the decision fatigue will decrease or remain unchanged,
and the game entertainment will increase or remain unchanged. In conclusion, the overall expected
utility will not decrease, i.e., II(T?) < II(T"").

Case 3: t is not the greatest element in U, but it is the greatest element in D.

This case follows the previous case. The only difference is that removing ¢ will change the number
of vertices n, as t is the largest element in D. Since we assume the fatigue function is a linear
function of the number of vertices and the number of paths, we denote w, as the marginal fatigue

caused by adding a vertex. We would consider the following differences:

GE(t+1)-GE({t)—w,=Aa— >  m@d)B-w,

{b:bgt,t;D’b:t}

=Aa— Z m(b)s — w,

{bb<t—1,t =t}

—GE(t) - GE(t—1) —w,.

If GE(t+1)— GE(t) —w, > 0, then ¢ can be replaced with t4+1. So D' = DU {t+1}\ {t}. Under
the new side-quest tree TD,, the number of vertices is increased by 1 and the number of paths n,
is unchanged. Hence, the decision fatigue will increase. However, the gain of game entertainment
surpasses the increase of decision fatigue. Therefore, the overall expected utility will not decrease.

If GE(t+1)—GE(t) —w, <0, implying GE(t) — GE(t — 1) —w, < 0, then ¢ can be replaced with
t—1.So D'=DU{t—1}\{t}. In this case, the decision fatigue will decrease since the number
of vertices n, decreases and the number of paths n, will either stay the same or decrease by 1,
depending on whether or not the new duration ¢ — 1 is in D. The benefit from lowering the decision
fatigue dominates the change of game entertainment. Thus, the overall expected utility will not

decrease.
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IfGE(t+1)-GE(t) —w,=GE(t)—GE(t—1) —w, =0, then ¢ can be replaced with either ¢t —1
or t+ 1. The number of paths n, will either stay the same or decrease by 1, depending on whether

or not the new duration is in D. Again, the overall expected utility will not decrease in this case.

From the above discussion, we show that we have constructed a new duration set D’ which
contains fewer elements that are not contained in B and does not decrease the expected utility.
In other words, by the above construction, we are able to remove one element in D \ B without
lowering the expected utility. Because the original duration set D has finitely many elements that
are not contained in B. We can repeat the above construction by a finite number of times and
remove all elements in D that are not contained in B, eventually resulting in a new duration set
Dx such that D* C B. By the second property, we guarantee II(TP) <TI(T?"). We have completed
the proof. [

Appendix B: Proofs regarding Algorithm 1 for the optimal side quest tree

seciia-general-v-p
B.1 Proof of Lemma 4
By Theorem 3, there exists an optimal solution to (WMP) that is a side quest tree. We let T be
the optimal side quest tree, ¢* be the length of the longest complete path in T*, and pu* be the
number of complete paths in T*. Clearly, i* € [N] and p* € [i*] by Lemma 2. Since T™ is an optimal
solution to (WMP) and yields the maximum expected utility, it should also be an optimal solution
to (WMP, ,,) with ¢ =i* and p= p*. Thus, T* must be an optimal (:*, *)-SQT, which implies that
the optimal side quest tree can be found in the sets of S, for i € [N] and p € [1].

By Proposition 1, there are at most |B| different elements in the duration set of the optimal side
quest tree. Therefore, the capacity of the optimal side quest tree is at most |B|. Thus, the optimal

side quest tree can be found in sets S}, for i € [N] and p € [|B]]. O

B.2 Proof of Lemma 5

Recall from (17), the designer’s objective consists of two terms: U(G) is the expected utility from
play minus the impatience penalty (below we refer it as “game entertainment”), and F'(G) indicates
the disutility from decision fatigue.

Consider the difference in the expected utility (i.e., the designer’s objective) under a single-path

transformation, for 4,7, u € [N], i <j and 1 < pu < j, we have:

(tpij (Ti 1)) = (T3 pm1) = [U(©35(Ti im1)) = U(Tu—1)] = [F (35 (T 1)) = F (T 1))
=AU;(p—1) = AF;(p—1).

We denote AUy (n—1) = U(¢i;(Tip-1)) = U(Tiu-1) and AF;(p—1) = F(i;(Ti 1)) = F(T1)-
In what follows, we investigate the two terms AU;;(p—1) and AF;;(pu—1).
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(1): Decision fatigue increment after single-path transformation AF;;(y—1)

By its definition, the single-path transformation ,; that maps an (i,u —1)-SQT T; ,_; to an
(4, 11)-SQT Tj , introduces j — i additional vertices and 1 additional complete path. In particular,
the original side-quest tree 7 ,_; has ¢ + 1 vertices and p — 1 complete paths, and the new side-
quest tree 1;;(T;) has j+ 1 vertices and p complete paths. Finally, the decision fatigue increment

after the single-path transformation 1);; is equal to

AE-(M - 1) :F(¢ij (Ti,uﬂ» - F(Tiyufl)
=F(+1,p)—F(i+1,u—1).

(2): Game entertainment increment after single-path transformation AU;;(u—1)
Recall from earlier that game entertainment indicates players’ utility from play minus impatience
penalty. Specifically, given a graph G, and a player with budget b chooses his optimal duration ¢, ,
(specified in (10)) and his game entertainment is defined as u(ty ;) — q(t ,|b) where u satisfies (3)
and ¢ satisfies (5).
Consider the original side quest tree T; ,_; and the new side quest tree v;;(T; ,_1) resulting from

the single-path transformation. Then,

AUy (n—1) =Eglultl, 1y 5) — 4t iy oy 5B~ Eslulth,_, »)—ats, _, 51B)

,u—1s su—1s

N
= Z { [u(t:;’ij(Ti,ufl)»b) B u(t;i,u—lyb)} - [q(t’zij(Ti#M,l),Ab) - q(t;’ijuil,b’b)] } m(b)
b=1

What impacts the difference AU;;(;1— 1) are the players’ optimal durations tr, » and t:;’ij(Ti)ab under
the two side quest trees T}, 1 and ;;(1; ,—1). Thus, we need to explore how players will adjust
their path decisions after the single-path transformation v;;.

Observe that the single-path transformation v;; adds one single path, which is the j-length path.
Hence, given the new side quest tree 1;;(T; ,—1), players only need to think about whether to stay

on their original path or switch to the new j-length path. We make the following claims about
players’ path decisions after the single-path transformation ;;.

(i) For players with time budgets at most 4, their decisions of optimal path remain the
unchanged. That is, if a player with budget b < selected the path of length k& (for
some duration k) under the original side quest tree T} ,_1, he will continue to select
the same path under the new side quest tree v;;(T; ,—1).

Suppose those players with time budgets at most ¢ switch to the new j-length path.
Their utility from play increases, and so does the impatience penalty. However, we

assume the growth in impatience penalty is greater than the growth in utility from
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1068 play (Assumption 2). Then switching to the new longer path will make those players
1069 worse off. Thus, under the new side quest tree ;;(1; ,—1), players with time budgets
1070 at most ¢ would still prefer the same optimal path as they did under the original side
1071 quest tree T;.

1072 As a result, for players with time budgets at most ¢, there is no change in their game
1073 entertainment after the single-path transformation, i.e.,

%

1or Z { [u(tzij(Ti,uA),b) B u(t;i,uflvb)} o [Q(t;ij(Ti,#,l),bw) - Q(t*Ti,u,l,bw)] } m(b) = 0.

1075 b=1
1076 (ii) For players with time budgets of at least j, they selected the longest path with length i
1077 under the original side-quest tree T} ,_;. Now given the new side quest tree 1;;(T; ,,—1)
1078 with the new j-length path, those players will all switch to this longer j-length path,
1079 because it gives them higher utility from play and does not incur any impatience
1080 penalty.

1081 Thus, for players with time budget of at least j, the change of their game entertain-
1082 ment after the single-path transformation is equal to

1083

L) =t )] = [0, 0l0) = 0t ol0)] b m(®)

o>
I

M-

J

{[u(7) = ()] = [0 = 0]} m(b)

1084

b=y

N
1085 => a(j—i)m(b).
1086 b=j
1087 (iii) For players with time budgets strictly between ¢ and j, they used to select the longest
1088 path with length ¢ under the original side-quest tree 7T} ,_;. Given the new side-quest
1089 tree, they must decide between choosing the i-length path that v,;(7; ,—1) inherits from
1090 T; -1 or the new path j-length path added by the single-path transformation.
1091 If a player with budget b chooses the original i-length path, his utility from play
1002 is ot and the impatience penalty is 0. If a player with budget b chooses the new j-
1093 length path, he earns the utility from play «j but pays the impatience penalty 5(j —b),
1004 resulting in a difference of aj — 5(j —b).
1095 Then we compare the two utilites ai and «j — B(j — b). We define b =
1096 max{ (W] ,i+ 1} where w is solved from the equation ai =«aj — B(j —b),
1007 and [%] indicates the smallest integer that is not smaller than w By its

1008 definition, we guarantee i < b < j.
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When b <b<j—1, we have ai < oj — 3(j — b), suggesting that players with time
budget b € [b,j — 1] should switch to the new j-length path to get a higher game
entertainment. When i +1 < b < b, we have ai > aj — 3(j — b), implying that players
with time budget b € [i +1,b) should stay in the original i-length path.

Therefore, for players with time budgets strictly between ¢ and j, the change of their
game entertainment after the single-path transformation is computed by

j—1

Z {[u(tZij(Ti,u—l),b> - u(t%,u—hb)} B [q(tz’w Tipu—1) b‘b) (tTiv#—hb’b)] } m(b)
b—i-‘rl

= Z { |: wz] (T; S— 1) b) u(t}i,ufl’b)} N [Q(tz)ij(Tivﬂfl)’“b) a q(t}i’“fl’b|b):| } m(b)
b=i+1

+ Z G B A | B LGN B A ]  TUI0)

=0+Z{[Oéj — i = [B(j — b) = 0]} m(b)

Jj—1

=Y "((a—B)j + Bb— ai)m(b).

b=b
Following the above discussion, we conclude the game entertainment (i.e., utility from play minus

impatience penalty) increment after the single-path transformation v;; to be

WE

AU (p—1) = { [u(t;ij(Ti,u—l),b) - u(t}i,ufhb)] B [q(trﬁz’j(Ti,ufl)vb’b) B Q(t}ivﬂfl’ﬂb)} }m(b)
- Z a(j —i)ym(b) + Z((a —B)j + Bb— ai)m(b).

It is straightforward to see that AU;;(u— 1) is independent of p, which is the capacity of graph
T; 1. Therefore, we use AU;; instead of AU;;(p— 1) hearafter.

To sum up, we have proven II(v;;(T; ,-1)) — (T} ,—1) = AU;; — AF;;(p — 1) where AU;; =
Sl — m) + Xt (@ — B)j + B — adym(b) and AFy(u— 1) = F(j+ 1) — F(i+ 1,0~ 1)
for i,j,u € [N], i <j and 1 < pu < j. The subscripts of AU;; and AF;;(pu— 1) reflect the changes in
the number of vertices. We remark that AU;; only depends on 7 and j, but not on the number of

complete paths p, and AF;;(pn— 1) depends on all of ¢, j, and p. O
B.3 Proof of Lemma 6

(i) It is straightforward to see that the optimal (j, u)-SQT T, where j € [N] and p € {2,...,5} must
be constructed by a single-path transformation from a (i, p—1)-SQT T; ,_y wherei e {1,...,5—1}.
Indeed, this (7,0 —1)-SQT T; ,—; can be retrieved backwards by removing the j-length path. The
remaining question is that whether 7; , ; is an optimal (i, u—1)-SQT (i.e., whether T; , , €S}, ;).
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We prove by contradiction. Suppose T}, = I1(t;;(Ti,,—1)) and T; ;1 is not an optimal (4, 4)-SQT.
We let T}, | be an optimal (i, —1)-SQT. Then II(T}, ) > II(T; ). Following Lemma 5, we

have IN(T},) — IN(T; 1) = (Yi(Ti 1)) — (T pr) = AU — AFi(p — 1) and (i (T7, 1)) —

(T}, ) = AUy — AFj;(n—1). Thus, the two differences (T} ,) — (T}, 1) and (3, (T}, ) —
I(T;,_,) should be the same, ie., [T} ,) — (T, 1) = (i (T},_,)) — (T}, ). Because
(T, 1) > (T 1), we must end up with TI(¢;; (77, ;) > TI(7T},,). But this contradicts the fact

that T, is an optimal (j,1)-SQT. We reach a contradiction. Thus, for every optimal (j, 1)-SQT
T}, there must be an optimal (i, —1)-SQT T, , €S/, such that T}, =;;(T;, ;). In other
words, the optimal (j, 1)-SQT is created by a single-path transformation from an optimal (7, —1)-
SQT. O

(ii) Suppose ;;(T}, ;) is an optimal (j,u)-SQT that arises from an optimal (i,u — 1)-
SQT Ty, , € S, 1. Then (T, ;) has the maximum expected utility among all (j,pu)-
SQT, ie., I(¢;(T7,_,)) > U(¢;(Ti,—1)) for any T, 4 € S;,—1. Consider another optimal
(4,0 — 1)-SQT T;fu_l €S/, (T{fu—l # T7,_,). Since both are optimal (i,u — 1)-SQT, we have

m—1

(T}, ;) = (T}, ;). By Lemma 5, we have II(¢y(T7,_,)) = (T}, ) + AUy — AF;(u— 1)
and IL(¢y; (T}, ) = (T}, _,) + AU;; — AFy;(u — 1). Therefore, TI(y;;(T7, ) = (T}, ;) +
AU, — AF;(p—1) =T}, ) + AUy — AF;(p — 1) = L (¥y;(T7,_,)). Additionally, it implies

(¢ (7, 1)) = (e (T7, 1)) = Wiy (Timr)) for any T;, 1 € S;pmi. That is, (T}, ,) is also
an optimal (j, )-SQT with TI(¢i; (177, ) =L (i (17, 1)) U
(iii) We prove by contradiction. Clearly any v;;(T;",_;) where i € [j — 1] is an element of S; ,,. Let

the graph 1;;(T;, ;) with largest expected utility among 7 € [j — 1] be denoted as T;.,.. Suppose

T}, is not an element of S; . It implies that t;;(T}", ;) is not an element of S; , for all i € [j —1].
Consider an optimal (j, x)-LQST T ,. Following (i), T},

1)-SQT for some i € [j — 1] which we denote as T,

(45 (T:ufl)) > 1(T},,) for all Tj , € S; .-

(1, —1)-SQT, we have II(¢;; (T{fuq)) =1I(¢i;(T7,_,)), implying that ;; (T}, ;) must be an opti-
mal (j,4)-SQT as well. We obtain a contradiction. Thus, the graph in {1;;(T},_,)|i € [j — 1]} with

must arise from an optimal (i,p —

In other words, T}, = (T, ;) and

J

Following (ii), since both T:ufl and T}, ; are optimal

largest II value must be an element of S7 ,. U
B.4 Proof of Theorem 4

The proof consists of two parts. We first prove Algorithm 1 outputs the optimal side-quest tree.
Then we show Algorithm 1 runs in polynomial time.
(i) The optimality of Algorithm 1
Our algorithm builds on the optimal structure discussed in Theorem 3 as well as Lemmas 4-6.
By Lemma 5 and (i) of Lemma 6, Algorithm 1 calculates all possible objective values of the

optimal (j, t)-SQT recursively in line 9 using II, ; , =11, ; + AU;; — AF;;(pn — 1), where 11, ;, AU;
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and Fj;(p— 1) are given constants. By (ii) of Lemma 6, when there are multiple optimal (4, — 1)-
SQTs, the (j, 1)-SQTs constructed by any optimal (i, u — 1)-SQTs are optimal sharing the same
objective value. Therefore, we can select any optimal (i, — 1)-SQT to construct the optimal
(J, 1)-SQT.

Next, Algorithm 1 computes the objective value of the optimal (7, #)-SQT in line 11 by choosing
the maximum II; ; , for i € [j —1]. It is ensured by (iii) of Lemma 6 that the (7, )-SQT in the set
{¥i(T7¥,_1)|i € [j — 1]} with the maximum objective value is an optimal (j, £)-SQT. The algorithm
then constructs the optimal (j,4)-SQT from the (i*, 1 — 1)-SQT in lines 12-14 for any optimal
(J, 1)-SQT where j € [N] and p € [min{|B|, j}].

Lemma 4 indicates that the optimal side quest tree is an optimal (j*, u*)-SQT whose objective
value is the maximum among the optimal (7, 1)-SQTs where j € [N] and p € [min{|B]|,j}]. Algo-
rithm 1 finds the optimal side quest tree T™ in line 18 by comparing the objective values of the
optimal j-LSQT for all j € [N] and p € [min{|B|,j}].

(ii) Computational complexity of the algorithm

Algorithm 1 has O(N|B|) stages. At stage j € [N] and p € [min{|B|, j}], the optimal (j, u)-SQT
is computed. It takes O(N) iterations to compute the possible objective value of the optimal (j, u)-
SQT where p > 1. Hence, the computational complexity of Algorithm 1 is O(N?|B|), which is in

polynomial time. [
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